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Introduction 

The concept of a representation of a quiver was introduced in [Gab] . If we consider all 
representations of a quiver of given dimension as an affine variety provided with the 
action of its automorphism group then the points of the corresponding categorical 
quotient can be parametrized by semisimple representations. Moreover, this quotient 
is also an affine variety and its coordinate algebra is generated by all polynomial 
invariants. In the characteristic zero case invariants of representations of quivers 
were first described in [PrBl, PrB2]. This result was applied to investigate an etale 
local structure of categorical quotients of quiver representation spaces [PrBl, PrB2]. 

The modular case was explored in [Donl, Zub4]. In [Donl] invariants of arbitrary 
quiver were described over any infinite field. In [Zub4] all defining relations between 
them are described too. We note that the last result was proved independently in 
[Dom] for the characteristic zero case. Finally, in [DZ2] the main results from [PrBl, 
PrB2] concerning an etale local structure of invariants of a quiver were extended to 
the case of any algebraically closed field. 

No doubt the next step should be to generalize these statements for other classical 
groups, specifically to the orthogonal and symplectic groups. It is clear that one 
has to start with the action of 0(n) or Sp(ri) on m-tuples of n x n matrices by 
simultaneous conjugation. Using the so-called transfer principle [Gr] one can reduce 
this problem to a representation of some quiver. This representation is a new type 
of representations of quivers called mixed representations. 

Recall some necessary definitions and notations (see [Gab, Donl, PrBl, PrB2]). 
A quiver is a quadruple Q = (V, A, i, t), where V is a vertex set and A is an arrow 
set of Q. Let the maps i, t : A — > V associate to each arrow a G A its origin i(a) G V 
and its end t(a) G V. We enumerate elements of the vertex set as V = {1, . . . , n}. 

We consider a collection of vector spaces E 1 , . . . , E n over an algebraically closed 
field K. Set dimi^i = d\, . . . , dimE n = d n . Denote by d the vector (d\, . . . , d n ). 
This vector is called a dimension vector. For two dimension vectors d(l),d(2) we 
write d(l) > d(2) iff Vi G V,d(l)i > (2);. 



1 



Denote by GL(d) the group GL(Ei) x . . . x GL(E n ) = GL(di)x. . .xGL(d n ). The 
representation space of a quiver Q of dimension d is R(Q, d) = FLeA Hom^(£'j( a ), E t ( a )). 
The group GL(d) acts on i?(<5, d) by the rule: 

{VafaeA = (9t(a)ya9h{a))aeA,9 = (#1, ■ ■ ■ , 9n) £ GL(d), 

(y a )aeA e R(Q,d). 

For example, if our quiver Q has one vertex and m loops which are incident to this 
vertex then the d = ( (^-representation space of this quiver is isomorphic to the 
space of m d x d- matrices with respect to the diagonal action of the group GL(d) 
by conjugation. 

The coordinate ring of the affine variety R(Q, d) is isomorphic to K[yij(a) | 1 < 
j < di(a), 1 < z < d t ( a ), a £ A]. For any a & A denote by Y d (a) the general matrix 
{yij{ a ))i<j<d l{a) ,i<i<d t(a y The action of GL(d) on R(Q,d) induces the action on the 
coordinate ring by the rule Y d (a) i— > gZ\Yd(a)gi^ a ), a G A. We omit the lower index 
d if it does not lead to confusion. For example, we write Y(a) instead of Id (a). 

Let us partition the vertex set of the quiver Q into several disjoint subsets. To be 
precise, let V = V or d \J(\J q eQ Vq)- The vertices from V or d are said to be ordinary. We 
require that all subsets V q have cardinality two, that is for any q e SI V q = {i q , j q }. 

A dimension vector d is said to be compatible with this partition of V if for any 
q E Q, di q = dj q = d q . From now on all dimension vectors are compatible with some 
fixed partition V = V or d\J(\J q en un l ess otherwise stated. 

The next step is to replace all Ej q , q e CI by their duals. To indicate that some 
vertices correspond to the duals of vector spaces we introduce a new dimension vector 
t = (ti, . . . ,ti), where tj = di iff we assign to % the space E^ otherwise tj = d*. We 
call d the vector underlying t. This notation will be used throughout. 

By definition, the t-dimensional representation space of the quiver Q is equal to 
the space R(Q,t) = Ilae/i Hom^(W / i( a ), W t ( a )), where Wi = E t iff U = di, otherwise 

b; - e*. 

The space R(Q,t) is a G = GL(d)-module under the same action 

(VaYa^A = (gt{a)yagi { l))a&A, 9 = (#1, • • • , 9l) £ G, 

(y a )aeA e R(Q,t). 

If CI — then t = d and R(Q,t) = R(Q,d). Without loss of generality one can 
identify the coordinate algebras K[R(Q,t)] and K[R(Q,d)]. 

Finally, replacing all subfactors GL(E iq ) x GL(E jq ) = GL(d q ) x GL(d q ) of the 
group G = GL(d) by their diagonal subgroups we get a new group H(t). The 
space R(Q,t) with respect to the action of the group H(t) is called the mixed 
representation space of the quiver Q of dimension t relative to the partition V = 
V ord U(U q enV q ). 
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Example 1 Let V ord = 0, Q = {g},^ = = 2, A = {a x , . . . , a m b, c}, i(a k ) = 
t(afc) = i(b) = t(c),t(b) = i(c) = 2. The mixed representation space of this quiver 
of dimension t = (d,d*) can be identified with M(d) m x M(d) 2 , where the first m 
d x d matrix coordinates correspond to the loops CL\ , . . . , CL m but the two last ones 
correspond to the arrows b,c respectively. The group GL(t) = GL(d) acts on this 
mixed representation space by the rule 

(A,,..., A m , B, C) s = (gA l9 -\ gA m g~\ (g^Bg' 1 , gCg 1 ), 

A*, B,C G M(d),g G GL(d), l<i<m. 

This special case of mixed representations of quivers first appeared in [Zub5] to com- 
pute the invariants of orthogonal or symplectic groups acting diagonally by conjuga- 
tions on several matrices. 

We formulate the following. 

Problem 1 What are the generators and the defining relations between them for 
the ring J(Q, t) = K[R(Q, t)] H « ? 

The principal aim of this article is to answer the first part of this question as well 
as to prepare some necessary facts to answer the second part in the next article. 

To formulate the main result of this article we need some additional definition. 
Let us define a doubled quiver Q^. The vertex set V {d) of this quiver is equal to 
V\JV* rd , where V* rd = {i* \ i G V ord }. Respectively, the arrow set A^ d) of Q^ d) 
is equal to where A = {a \ a G A}. Further, if i(a),t(a) G V ord then 

i(a) = t(a)*,t(a) = i(a)* but if i(a) or t(a) lies in some V q ,q G Q, then 

i(a) = I = 
■ ~ \ i q ,t(a) =j q 

and symmetrically 

t(a) = \ j ?> i f?\ = i V . 

{ lq,l(a) =Jg 

Finally, for any a G A^ we suppose Z(a) = Y(a) if a G A otherwise a = b,b G A 
and Z(a) = Yitif, where Y(bY is transpose of Y(b). 

A product Z(a m ) . . . Z{a\) is said to be admissible if closed path 

in Q^ d \ that is if t(ai) = i(a i+ i),i = 1, . . . , m — 1 and i(ai) = t(a m ). A pair Z(a)Z(b) 
is said to be linked if t(b) = i(a). It is clear that Z(a m ) . . . Z(a 1 ) is admissible iff all 
pairs Z(ai + i)Z(ai),i = 1, . . . ,m — 1, and Z{a\)Z{a m ) are linked. 

Using the theory of modules with good filtration as well as some reductions 
developed in [Don2, Zub5] we prove 
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Theorem 1 The algebra J(Q,t) is generated by the elements Uj(Z(a r ) . . . Z(a\)), 
where 1 < j < maxjrfj}, a r , . . . , a\ is a closed path in the double quiver QW and a-, 

l<i<n 

is j-th coefficient of characteristic polynomial. 

One can define more general supermixed representations of quivers involving as 
special cases mixed representations of quivers and orthogonal (symplectic) repre- 
sentations of symmetric quivers introduced in [DW3]. To be precise, let R(Q,t) 
be the mixed representation space of a quiver Q of dimension t = (ti, . . . ,ti) with 
respect to some partition of V, say V = Krd U(Ug€f2 Vq) as above. By definition t is 
compatible with this partition. 

Replace some factors of the group H = H(t) = (l\iev ord GL(di)) x (Ilgen GL(d q )) 
by orthogonal or symplectic subgroups requiring additionally that the characteristic 
of the ground field is odd if at least one factor is replaced by an orthogonal group. 
Denote the subgroup of H obtained in this way as G = (J\iev ord Gi) x (Jl q( znG q ), 
where each factor Gi{G q ) is either general linear group, orthogonal group or sym- 
plectic group of given dimension. 

Next, let us extract among all components Hom K (W h ( a ), W t ( a )), « £ A, those 
having property i(a),t(a) G V q ,q G f2. Let i(a) = i,t(a) = j. We have three cases: 
G q = GL{d q ), G q = 0(d q ) or G q = Sp{d q ). 

Let us consider the first case G q = GL(d q ). Let % = j q ,j = % q or % = i q ,j = j q , 
that is ti = d*, tj = d q or f = d q , tj = d*. Identifying Hom^(W / j, Wf) with M(d q ) one 
can replace this space by its subspaces of symmetric or skew-symmetric matrices. 
In notations of [DW3] these subspaces can be identified with S 2 (V)(S 2 (V*)) or 
A 2 (V)(A 2 (V*)) respectively in obvious way as a GL(d q )-modu\es, where V = E iq = 

In two remaining cases it does not matter if (tj, tj) coincide with (d*, d q ) or with 
(d q ,d* q ). Indeed, V = V* as a 0(V) or 5p(F)-module. If G q = 0{d q ) then one 
can replace the space Rom K (W i: Wj) = M(d q ) by its subspaces of symmetric or 
skew-symmetric matrices again. 

In the case G q = Sp(d q ) one can replace the space Horn ic{Wi,Wj) = M(d q ) 
by its subspaces Lie (Sp(d q )) = {A G M(d q ) \ AJ is a symmetric matrix} or {A G 
M{d q ) I AJ is a skew-symmetric matrix}, where J = Jd q is a d q x d q skew-symmetric 
matrice of the bilinear form defining the group Sp(d q ). 

Denote a subspace of R(Q,t) obtained with the help of some replacements de- 
scribed above by S. A pair (S, G) is said to be a supermixed representation space of 
the quiver Q with respect to the induced action of the group G. 

Example 2 The space of m d x d matrices with respect to the diagonal action of 
0(d) or Sp(d) by conjugatyions is a supermixed representation space of the quiver 
Q with one vertex and m loops incident to this vertex. 

The invariants of the supermixed representation space from Example 2 can be 
obtained by specialization of invariants of mixed representation space from Example 
1 [Zub5]. This case is typical. In fact, we prove 
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Theorem 2 Let (S,G) be a supermixed representation space of a quiver Q. There 
exists a quiver Q' such that the algebra K[S] G is an epimorphic image of K[R(Q', t)]^*) 
for some dimension vector t. 

The mixed or supermixed representations of quivers naturally arose from the 
actions of 0{n) or Spin) on several nxn matrices by simultaneous conjugation. If we 
replace 0(ri) by its subgroup SO(n) then we will have to investigate semi- invariants 
of mixed representations of quivers. In other words, one can set the problems to 
find the generators and defining relations between them for semi-invariants of mixed 
representations of quivers. 

The problem to describe semi- invariants of ordinary representations of quivers 
was very popular during the last 20 years starting with the remarkable Kac's ar- 
ticle [Ka]. Important results were obtained in [SI, S2]. There is also an extensive 
literature on semi-invariants of Dynkin and Euclidean (or extended Dynkin) quiv- 
ers, see [As], [Ri], [Kol], [Ko2], [HH], [SwWl], [SkW]. The complete descriptions of 
semi-invariants for an arbitrary quiver were obtained in [DW1, DW2] and [DZ]. In 
the characteristic zero case the similar result was proved in [S V] . I believe that the 
method of this article will also make possible to describe semi-invariants of mixed 
or supermixed representations of quivers. 

1 Preliminaries 

1.1 Induced modules and good filtrations 

Let G be an algebraic group, H a closed subgroup of G, and A a rational H- 
module. Then K[G] <8> A is naturally a rational G x if -module with respect to the 
action (g,h) ■ f <g) a = f 1 - 9 ^ <g> ha, where g e G,h e H,f e K[G],a e A and 
f{g,h)(x) = f(g- l xh). The set of infixed points is a rational G-submodule, called 
the induced module indgA = (K[G\ <g> A) H [Gr]. 

Proposition 1.1 ([Gr], Theorem 9.1) If X is an affine G-variety, that is G acts ra- 
tionally on X , then the invariant algebra K[X] H is isomorphic to (K[X]<S>k[G / ' H]) G , 
where G acts on K[G/H] by left translation. The isomorphism is given by a<S> f *— > 
af(eH). 

Let G be a reductive group. Fix some maximal torus of the group G, say T, and 
a Borel subgroup B containing T. The group B has a semi-direct decomposition 
B = T ix U, where U is a maximal unipotent subgroup of the group B. Denote by 
X(T) the character group of the torus T and by X{T) + the dominant weight subset 
oiX(T) corresponding to B. If /i E X(T) + then denote by v(aO the induced module 
mdg-Kn, where B~ is the opposite Borel subgroup and is the one-dimensional 
Z?~-module with respect to the action (tu) o x = fi(t)x, t ET,u e U~ , x G K^. 

We say that a G-module V has a good filtration (briefly GF) if there is some 
filtration with at most countable number of members 
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C V 1 C V 2 C . . . , |J Vi = V 

1=1 

such that Vi > 1, Vi/V^i = V (/■*»)■ Respectively, we say that a G-module FT has a 
WieyZ filtration (briefly WF) if there is some filtration with at most countable number 
of members 

oo 

C W 1 C W 2 C . . . , |J Wi = w 

1=1 

such that Wi > 1, Wi/Wi-i = A (//*), where A(/x) = \/(fj,*)* , /i* = —w (fx) and u> is 
the longest element of the Weyl group W(Cr, T) = Ng{T)/T. 

It is clear that a finite-dimensional G-module V has WF iff the dual module V* 
has GF. A finite-dimensional module V is called a tilting one if both V and V* are 
with GF. In other words, V has good and Weyl nitrations simultaneously. 

We list some standard properties of modules having GF [Jan, Don3, Don5, Matl]. 

Theorem 1.1 1. If 

-> S ^0 

is a short exact sequence of G-modules and V has GF, then the diagram 

,_, V G -> -> 5 G -> 

exact. 

2. If W is a G-module with GF and V is a submodule of W with GF, then the 
quotient W/V is also a G-module with GF. 

3. For given G-modules with GF their tensor product with respect to the diagonal 
action of the group G is also a module with GF. 

4- If V is a G-module with GF and H is a Levi subgroup or the commutator 
subgroup of G, then V has GF as a H -module. 

1.2 Necessary facts of representation theory of products of 
general linear groups 

Let G = GL(k) and T(k) = {diag (t 1: . . . , t k ) | ti, . . . , t k G K*} is the standard torus 
of G. We fix the Borel subgroup B{k) consisting of all upper triangular matrices. 
It is clear that B~(k) consists of all lower triangular matrices. 

Any character A G X(T(k)) can be regarded as a vector (Ai, . . . , A&) with in- 
teger coordinates. By definition X(t) = t^ 1 . . .t^ ,t G T{k). It is known that 
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A G X(T(k)) + iff Ai > . . . > A fc [Don2]. If additionally A fc > then (A x , . . . , A fc ) 
is called an ordered partition and y(A) is isomorphic to so-called Schur module 
L~ x (K k ) (see the next subsection), where A is the partition conjugated to A. To be 
precise, if Ai = . . . = A S1 > X S1+1 = . . . = X Sl+S2 > . . . > A si+ ... s/+ i = . . . = X k then 

A = {k x \ + + s f ) Xs f,. . . ,sj si ), where l k means /,...,/. 

k 

Example 1.1 If X = (1*, fe -*) then y(A) = L~ x (K k ) = A\K k ) the t-th exterior 
power of the space K k . Moreover, A t (K k )* = A k ' t (K k ) <g> det -1 = y(0 fc_i , — 1*) 
has GF. In particular, A*(i^ fc ) is a tilting GL(k) -module. Using Theorem 1.1(3) we 
obtain that all tensor products of such modules are also tilting. 

The Weyl group W(GL(k),T(k)) is isomorphic to the group Sk consisting of all 
permutations on k symbols. 

More generally, one can describe some fragment of the representation theory of 
any group GL(d). A maximal torus of the group GL(d) is T(d) = T{d\) x . . . x 
T(d n ). Respectively, B{d) = B(d 1 ) x ... x B(d n ) is a Borel subgroup and then 
B~{d) = B~(d±) x ... x B~(d n ). The characters of the group T(d) are collections 
A = (Ai,...,A n ), where each Aj is a character of the corresponding torus T(di), 
% — 1,2, ...,n. It is obvious that the root data of GL(d) is the direct product 
of the root data of the groups GL(di). In particular, X(T(d)) + coincides with 
X(T(d!)) + x ... x X{T{d n )) + . Moreover, for any weight A G X(T(d))+ we have 
an isomorphism yd(A) = y(Ai) ® . . . <S> v(A n ) and A d (A) = A(Ai) ® . . . <S> A(A n ). 
Therefore, if all Aj are ordered partitions we see that Vd(A) = L Xi (Ei)<g>. . . L~ Xn (E n ). 
The Weyl group W(GL(d),T(d)) is the direct product of the Weyl groups of all 
factors GL(Ei). In particular, we have A* = (A*, . . . , A*). 

Consider dimensional vectors t(l), t(2) such that d(l) > d(2). We define the 
Schur functor dd(i),d(2) by the following rule. For any GL(d(l))-module V we put 
dd(i),d(2)(V) = J2p,eL Vp,- The set L consists of all p, = (fj,i, . . . , /i n ) such that for any 
% all coordinates of ^ beginning with d(2)j + 1-th coordinate are equal to zero and 
S/i6X(r(d(i))) Vp. i s ^ ne weight decomposition of V . Identifying the group GL(d(2)) 
with a subgroup of GL(d(l)) (see the subsection 1.4) we obtain that dd(i),d(2)(V) 
is a GL(d(2))-module. Besides, one can define a linear endomorphism of V which 
takes any v = J2p,ex(T(d(i))) v p. & V to J2p,eL v p.- Denote this endomorphism by the 
same symbol dd(i),d(2)- It is n °t hard to prove that if all coordinates Aj of A are 
some ordered partitions then dd(i),d(2)(Ad(i)(A)) ^ iff each "component" Aj has 
all coordinates with numbers > d(2)i + 1 equal to zero. In the last case we have 
dd(i),d(2)(A d (i)(A)) = A d (2)(A). The same is valid for the induced modules Vd(i)(A) 
as well as for its simple socle. The reader can find the detailed proof in [Green] for 
the case n — 1. The general case is a trivial consequence of the case n — \. 
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1.3 ABW-filtrations 



For any vector A = (Ai, . . . , A s ) with integral coordinates denote by | A | its degree 
Ai + . . . + A s . If all coordinates of A are non- negative integers we denote by A X (V) 
the tensor product A Xl (V) <g> . . . A Xs (V). 

Recall the standard embedding of an exterior power A P (V) into V® p . This map 
is defined by the rule 

i p : vi/\. . .f\v p i-> (- 1 )' T ^(i) ® • • • ® v a{p ),v 1 , . . . ,v p G V. 

aeSp 

Obviously, it is an GL(V)-equivariant. One can define more general embedding 
i\ : A X (V) — > V®' p , where A = (Ai, . . . , Aj) is any (non-ordered) partition, p —\ A | 
and i\ = <S>i< q <ii\ q - Denote by p\ the canonical epimorphism from V® p onto A X {V). 

Let S r (V <S> W) be a homogeneous component of degree r of the symmetric 
algebra S(V ® W), where V, W are any vector spaces. For any ordered partition A 
of degree r we define the map 

d x : A X (V) <g> A X (W) -> S r (^ <g> W) 

by d A = d Al <g>...<g>d As , where d Ai : A Al (\/) <g> A Xl (W) -> S Ai (V <g> = 1, . . . , s, and 

the symbol <8> means the product map S Xl (V<S>W)<S> — <S>S X3 (V<S>W) S r (V<S>W). 
Here, for any non-negative integer t the map d t : A t (V) <g) A*(W) — > S^V <8> W) is 
defined by the rule 

A ... A v t ) <S> (w 1 A ... A w t )) = Y {~ l Y v i ® w<?{\)—Vt ® KV(t), 

Vi e V, Wi e W, l < % < t. 

Let M A = J2^y\ Imdy and M A = D 7 ^ A Imc? 7 . The symbol >z means the lexico- 
graphical order from left to right on the set of partitions. The GL(V) x GL{W)- 
module S r (V <g> W) has the filtration 

C M (r) C M (r _ 1;1) C ... C ^ = S r (V <g> W) 



with quotients 

M A /M A ^L A (V0®L A (WO, 

where £a(^) is the Schur module (see [Ak]). We call this filtration Akin-Buchsbaum- 
Weyman filtration or briefly, an ABW-filtration. 

Remark 1.1 All these statements remain the same if we replace the field K by any 
commutative ring R and require that both V, W are free R-modules. The functor 
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V — > L\(V) is universally free, that is, L\(V) is a free R-module and commutes 
with change of the base ring R [AkJ. In particular, for any homomorphism R — > R' 
the functor R' ®r — takes ABW-filtrations to ABW-filtrations. 

We define a superpartition, say A = (Ai, . . . , A n ), where Aj = (Aji, . . . , Aj jSj ), 
Aji > ... > Aj jSj > 0, i — 1, . . . , n. By definition, | A | = | Ai | + . . . + | A n |. One can 
endow the space 

A x (f) = n m Xi (Vi)) = n ®( J ff ®a^(^)) 

i=l i=l j=l 

with a GL(f)-module structure, where f = (f\, . . . , f n ), dim = fa, 1 < % < n. To 
be precise, each factor GL{yA of the group GL(f) acts on the corresponding tensor 
product UjZi ®A A ^ (Vi) diagonally. 

It is not hard to prove that A = (A\, . . . , A n ) is a highest weight of the GL(f)- 
module A A (f). Moreover, its multiplicity is equal to 1. Since A A (f) is a tilting 
GL(f)-module there are good and Weyl nitrations of this module such that the last 
quotient of the first filtration (respectively the first non-zero member of the second 

one) is isomorphic to Vf(^) (respectively to A f (A)) [Don4, Don6, Zub3, Zub4]. 
Denote by R{(\) the kernel of the corresponding epimorphism 

A A (f) - v4) 
and by Sf(A) the cokernel of the inclusion 

Af(A) — > A A (f). 

The GL(f)-modules Rf(\) and Sf(\) have GF and WF respectively. Moreover, 
the module R{(\) and the inclusion of Af(A) are uniquely defined ([Zub4], Proposi- 
tion 1.1). We have the short exact sequence 

-> S{(\)* -> A A (f )* -> A f (A)* -> 0. 

By definition, A f (A)* = Vf(^ )• The unique highest weight of the module 
A A (f )* = A Al (\/!*) (8) ... (8) A A "(\/*) is equal to A* and since A A (f) is a tilting module 
we get that Sf(A)* is uniquely defined by the same Proposition 1.1 from [Zub4]. 

Let us consider another group GL(g), g = (^i, . . . , g m ) and some superpartition 
p, = (f/,i, . . . , fJ, m ),i — 1, . . . , m. We have the short exact sequence of GL(f) x GL(g)- 
modules 

-> D f)g (A, p.) -> A A (f ) ® A^(g)* -> Vf(^) ® Vg(^*) = Vf (^) ® A g (^)* -> 0, 
where 

D f)g (A, /i) = -Rf(A) ® A^(g)* + A A (f ) (8) S g (//)*. 
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Proposition 1.2 The kernel Df s (\, fj,) is uniquely defined and has GF. 

Proof. Use the same Proposition 1.1 from [Zub4] and Proposition 2.3 from [DZ]. 

Remark 1.2 Notice that L X (V*) = A(A)* [Zubl] as a GL(V) -module. In par- 
ticular, the GL(g)-module A g (/x)* is isomorphic to (U*) <8> . . . (U^) , where 
dim Uj = gj, 1 < j < m. 

Remark 1.3 In notations of Remark 1.1 there is a nondegenerate pairing ofGL(V)- 
modules A*(V*) x A'(V) — > R defined by the rule 

< fi A . . . A f t , Vl A . . . A v t >= det(fi(vj)), v t G V, fj G V*, 1 < i,j < t. 

Here V* = Horn r(V, R) and V is a free R-module. Tensoring we obtain a nonde- 
generate pairing A X (V*) x A X (V) — > R. Thus A X (V*) is isomorphic to A X (V)* as a 
GL(V)-module. 

1.4 Specializations 

For given d(l) > d(2) define an epimorphism 

Pt(i),t(2) : K[R(Q,t(m - K[R(Q,t(2))\ 

by the following rule. Take any arrow a £ A. Let i(a) = i and t(a) = j. For the sake 
of simplicity denote di(s) and dj(s) by m s and l s respectively, s = 1,2. We know 
that mi > m 2 and l\ > li- Then our epimorphism maps y sr (a) to zero iff either 
s > l 2 or r > m 2 . On the remaining variables our epimorphism is the identical map. 

On the other hand, one can define the isomorphism it(2),t(i) of the variety R(Q, t(2)) 
onto a closed subvariety of R(Q, t(l)) by the dual rule, that is the epimorphism de- 
fined above is the comorphism i* t ^ 

By almost the same way as it(2),t(i) one can define the isomorphism jt(2),t(i) of 
the group if (t(2)) onto a closed subgroup of the group H(t(l)) just bordering any 
invertible di(2) x di(2) matrix by the rfj(l) — di(2) additional rows and columns 
which are zero outside of the diagonal tail of length di(l) — di(2). The entries 
on this diagonal tail should be l's. It is not hard to check that «t(2),t(i)(0 s ) — 
^t(2),t(i)(0) jt(2) ' t(1)(s) for any g G H(t(2)) and G R(Q,t(2)). The analogous equation 
is valid for the epimorphism pt(i),t(2)- 

1.5 Young subgroups 

Decompose an interval [l,k] = {1, ...,&} into some disjoint subsets, say [l,k] = 
Ui<j< m Tj. Define the Young subgroup S? = x . . . x Sx m of the group Sk as the 
subgroup which consists of all permutations a G S k such that a(Tj) = Tj, 1 < j < m. 
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By definition, St — {& G Sk \ cr(T) = T, Vj G" T a(j) = j} for arbitrary subset T. 
The subsets T±, . . . , T m are said to be the layers of the group St [Zubl, Zub4]. 

The group St can be introduced in other way. In fact, let / be a map from [1, k] 
onto [1, m] defined by the rule f(Tj) — j, j — 1, . . . , to. Then St = {o~ G Sk \ foa — 
/}. Sometimes we will denote St by Sf. 

For a given superpartition A = (Ai,...,A n ), where Aj = (Aji, • • • , Aj jSj ), Xn > 
■■■ > \, Si > 0, i = l,...,n, denote by S^ the Young subgroup of S\x\ corre- 
sponding to the decomposition of [1, | A |] into sequential subintervals of lengths 
An, • • • , Ai jS1 , A 2 i, . . • , A 2 , S2 , • • 

For any group G and its subgroup H we denote by G/H some fixed representative 
set of the left cosets of H if it does not lead to confusion. For any g G G denote by 
g G G/H the representative of the left coset gH. 

1.6 Schur duality and a lemma 

Let V be a projective module over a commutative ring R such that, if f(x) G 
is a polynomial which vanishes on R then f(x) is identically zero. We have a ring 
homomorphism ip : — > End GL(v){V® d ) defined by the rule: a i— > <7, cr G S^, 
where d"(i>i ® . . . <g) i^) = f <T - 1 (i) <8> . . . <8> fo- 1 ^)- F° r the sake of simplicity we will 
omit the upper tilde. 

Theorem 1.2 ([Pr]) The homomorphism ip is surjective. If V is a free module of 
rank p then the kernel I p+ i of this epimorphism is not equal to zero iff d > p and in 
this case it is generated (as a two-sided ideal) by the element J2 T es p+ i(~ ^-Y r > where 
S p+ i = S[i tP+ i]. 

Let R be a principal ideal domain of odd or zero characteristic and V, W are 
free i?-modules of finite ranks. For given partitions A, /i of degree r one can define 
an inclusion $ A>M of Rom R (A x (V), A^W)) into Rom R (V® r , W® r ) by the rule i-> 
V# A ,0 G B.om R {K\V), A»(W)). 

Lemma 1.1 The image of Horn R (A X (V), A*»(W)) in Horn R (V® r \W® r ) coincides 
with {0 G Hom R (V® r ,W® r ) | Vri G ,S A ,Vr 2 G S^t^i = (-1)- 1 (-1)^0}. 

Proof. Denote the submodule {0 G Hom i? (K 0r , W® r ) | Vn G S A ,Vr 2 G S M ,r 2 0Ti = 
(— l) n (— 1) T2 0} by M. By Remark 1.3 we have the standard isomorphisms 



Rom R (A x (V),A»(W)) ^ A X (V*) ® A»(W),Rom R (V® r ,W® r ) (\/*)® r <g> W 0r . 

Then $ AiM can be identified with i\®i^. The groups S^ and 5 A act on (V*)® r ®W® r 
in obvious way. It remains to notice that for any free -R-module U and partition 
X (of r) we have i x (A*(U)) = {x G f/® r | Vr G S x ,t(x) = {-l) T x}. In fact, 
Im$ AiM = Irm A <g> i M = M. 
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2 Auxiliary computations 



2.1 Generators, free invariant algebras and relations 

We start with some simplification of the space R(Q, t). To be precise, let a G A and 
i(a) = i,t(a) = j. We have the following possibilities: 

1. If Wi — Ei, Wj = Ej then H = H(t) acts on the component if [Horn k{E^ Ef)] = 
K[Y(a)] = K[y u {a) | 1 < I < dj, 1 < t < cfc] by the rule Y(a) i-> g~ 1 Y{a)h,g G 
GL{dj),h G GL(di). It can easily be checked that K[Y{a)] = S(E* ® Ej 
and this isomorphism of GL(dj) x GL(<ij)-modules is defined by the rule 
Du{a) < — ► e* <E> /t, where e±, . . . , e<2 and fi, ■ ■ ■ , fdi are some fixed bases of 
the spaces £j and respectively. The basis e{, . . . , e£ is the dual relative to 
e!,...,e dj . 

2. If Wi = E h Wj = E* then K[Y(a)] = S{E j <g> E { ) with respect to the identifi- 
cation yu(a) < — > ei<S> ft- In other words, H acts on Y(a) by Y(a) \— > g t Y(a)h. 

Other cases are listed without any comments. 

3. Wi = ElWj = E v K[Y(a)} 2* S(E* ® (a) <— e? ® /,*, F(a) ^ 

4. = £?, W,- = £*, X[y(a)] S(Ej ® E*),y lt (a) <— ® /,*, F(a) ^ 

^r(a)(^)- 1 . 

Lemma 2.1 C/p to some changing of Q one can eliminate the fourth case. 

Proof. By the definition there should be some q,q' G fi such that % = j q ,j = j q >. 
Redefine the maps i, t on any arrow a which goes from i to j by : i'(a) = i q /,t'(a) = i q 
and i',t' coincide with i,t on the remaining arrows. We get a new quiver Q' . 

Let us consider the representation space of this new quiver of the same dimension 
t. It is clear that this space can be produced from R(Q, t) by replacing all summands 
Rom K (E*,E*) by Rom K (Ej, E t ). 

The group H remains the same. Moreover, the algebra K[R(Q,t)] is isomor- 
phic to K[R(Q',t)]. To be precise, we map each yu{a) to z t i(a), where Z(a) = 
Z t (a),i'(a) = i q i, t'(a) = % q . The remaining generators of K[R(Q, t)] and K[R(Q', t)] 
coincide with one another. It can easily be checked that this isomorphism is H- 
equivariant. After repeating this procedure as many times as we need one can see 
that the fourth case does not happen at all. The lemma is proved. 

Decompose the arrow set A into three subsets A i7 i = 1,2,3, where A\ = {a G 
A | W i{a) = E i{a) ,W t{a) = E t{a) }, A 2 = {a G A | W i(a) = E i(a) ,W t{a) = E* t{a) } and 
A 3 = {a G A | W i{a) = E* (a) , W t{a) = E t{a) }. 

The algebra K[R(Q,t)] is isomorphic to the tensor product 

J] ®(®aeA k K[Y(a)]) 

l<fc<3 
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or to 



II ®(®aeA k (®r a K[Y(aWa))) = (I[ ^(©r.^^a) ® ^i(a)))® 
l<fc<3 aeAi 

( II ®(©r a ^(^(a) ® ^(a))) ® ( LI ®(©r a ^(^ (a ) ® ^ a ))), 
aeA 2 aGA 3 

as a //-module. 

Fix a multidegree f = (r a ) aeA . Sometimes we will rewrite it as (fi, f 2 , f 3 ), where 
n = (r a ) aeAi ,i = 1,2,3. Denote EaeA r a by r and EaeA^a by r^i = 1,2,3. The 
f-homogeneous component of the algebra K[R(Q,i)\ is isomorphic to 

( n ®5-(^ ( a) ® ^(a))) ® ( n ®^(^ (a) ® E lia) )) ® ( n ®^(^ (a) ® ^ a) )). 

aeAi aeA2 aeA 3 

Tensoring ABW-filtrations of all factors in this tensor product we see that the 
f-homogeneous component of the algebra K[R(Q,t)] has a filtration with quotients 

II ®( L K(E: {a) ) ® L Xa (E i{a) )) ® J] ®(L w (£ t(a) )®L w (£ i(a) ))® 

aeAi beA 2 

® J] ®(M^(c)) ® M3T(c))) 

ceA 3 

as a Y[i<i<3(n.aeAi(GL(d t ( a )) x GrL(dj( a )))-module, where by definition Va G A±, V6 G 
A 2 ,Vc G A 3 , 1 A a |= r a , I // b |= r&, | 7 C |= r c (see [DZ], Proposition 2.3). We enumer- 
ate the members of this filtration by the triples (superpartitions) 6 = (Xai, Ha 2 , 7a 3 ), 
where X Al = (A a ) aeAl , Ha 2 = (Ha)aeA 2 , r YA s = (la)aeA 3 , say 

...CM (t) = M e C.... (1) 
Denote by Ai(@,t) and A 2 (6,t) the spaces 

11 ®(A Xa (E t(a) ))® I] ®(A^(E t{a) )®A^(E i{a) )) 

aeAi a£A 2 

and 

IJ ®(A Xa (E t(a) ))® I] ®(A^(£ t(a) )®A^(£ i(a) )) 

respectively. Sometimes we will omit the indices t, d or if it does not lead to 
confusion. 

By Remark 1.3 one can identify the dual space A 2 (6,t)* with the space 

n ®(A Aa (^ (a) ))® n ®(A 7a (^ (a) )®A 7a (%))). 
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Arrange the tensor factors of the quotient Mq/Mq into groups by the following 
way: 

IJ ®(W£i(a)))«> II ®{ L » a { E t{a))®L^{E i{ a)))® 
aeAi aeA2 

n ®(w*? ( o)))® n ®{L la {E; {a) )®L la {E* {a) )). 

aeAi aeA 3 

The first factor 

(^i(o))) 

aeAi aeA 2 

is a (IloeAi GL(d i(a) )) x (n a eA 2 GL(d t[a) ) x GL(d i(o) ))-module. Denote this group by 
Ci = Gi(d). 

Analogously the second factor 

II ®{L Xa {E* t{a) )) ® n ®(M^o))®M3T(«))) 

aeAi aeA 3 

is a (FIoeAi GL(d t(a) )) x (ILeA, GL(d t{a) ) x GL(d i(o )))-module. Denote it by G 2 = 
G 2 (d). 

For any we have a homomorphism of G\ x G 2 -modules 

d : Ax (6) <g> A 2 (0)* -> A"[i2(Q,t)](f). (2) 
The homomorphism rf e induces an epimorphism 

Ai(6) ® A 2 (0)* -> Me/Me -> 0. 

Denote by 0i,G 2 the superpartitions (A^, /xa 2 , A*a 2 ) and (Aa i; 7a 3 , 7a 3 ) respec- 
tively. 

The Gi(d)-module 

(n ®L Xa (E l{a) )) ® n ®(L Ma (^ (a) )®L Ma (^ (a) )) 

aeAi aeA 2 

coincides with 

V((d i(a) ) ae Ai,(d t (a))aeA 2 ,(di(a))a6A 2 ) (^l)- 

Similarly the G 2 (d)-module 

(I] ®L Xa (E; (a) )) ® n ®(M^«))®M3T(«))) 

aeAi aeA 3 

coincides with 

^(( d i(a))aeAi,(di(a))aeA 3I (^(a))aeA 3 )(®2) ■ 
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Slightly abusing our notations we denote these modules by Vd(0) and Ad(0) cor- 
respondingly. 

Using Proposition 1.2 we obtain the uniquely defined short exact sequence of 
G 1 x G 2 -modules with GF 

-> £> dl d(e) = D(Q) -> Ax(e) ® A 2 (0)* -> Me/Me -> 0. 

Here, 



Dd,d(Q) ^ ) ((rf l (a))aeA 1 ,(rfi(a))aeA 2 ,(rf l (a))aeA 2 ),((rft(a))aeA 1 ,(^(a))aeA3,(^(a))aeA 3 )(®l' ^) ■ 

To turn to the group H = H(d) we have to replace the group G\(G2) by some 
subgroup. Indeed, represent, say G\, as x ie yGL(di) Wt , where Wi is the number 
of factors of G\ coinciding with GL(di),i G V. The next step is to replace any 
subproduct GL(di) Wi ,i G V or d, or GL(d q ) Vq , q G Q, where v q = Wi q + Wj q , by the 
corresponding diagonal subgroup. 

Using Theorem 1.1(3) we obtain that any G r module has GF (respectively - 
any Gj-module has WF) retains this property under the restriction to the group H, 
i = 1,2. Referring to Theorem 1.1(1) we get 

Proposition 2.1 The short sequence 

-> D(ef -> (Ai(6) <g> A 2 (6)*) H -> Z(6) -> 
zs exaci #ere ; Z(0) = (M /M ) H = Mg/Mg. 

The same arguments show that Ai and A 2 are tilting iJ-modules and all quotients 
of the filtration (1) are iJ-modules with GF. 

One can rewrite the exact sequence from Proposition 2.1 as 

-> D(Q) H -> Horn h(A 2 (6), Ai(6)) -> Z(6) -> 0. (3) 

Sometimes, if it is necessary to indicate that the original representation space 
has dimension t, we write Z t (Q). 

Theorem 2.1 (fDon2j) The epimorphismp mm ■ K[R{Q, t(l))] -> tf[.R(Q,t(2))] 
induces the epimorphism 0t(i),t(2) : t(l)) — > J(Q,t(2)). 

Proof. For given pair of compatible dimension vectors d(l) > d(2) one can 
define at least three Schur functors d, di, d 2 for the groups H, G\, G 2 correspondingly. 
Nevertheless, it is not hard to see that the action of the Schur functor d coincides 
with the actions of both functors di, i — 1, 2 on the short exact sequences 

- Rd W (&) - Ai(t(l)) - Vd(i)(0) - 
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and 



- A d(1) (0) - A 2 (t(l)) - S- d(1) (6) - 0. 

It is obvious for modules Ax(©, t(l)), A 2 (©, t(l)), Vd(i)(Q), A d (!)(0) and it follows 
for i? d (i)(6), S'd(i)(0) since all Schur functors are exact [Green]. Moreover, one can 
identify the exact sequences 

- d(R d{1) (Q)) - d(Ai(t(l))) - d(Vd(i)(e)) - 

and 

- d(A d(1) (6)) - d(A 2 (t(l))) - d(S d(1) (Q)) - 

with 

o - i2d (2 )(e) - Ax(t(2)) - Vd( 2) (e) - o 

and 

- A d{2) (0) - A 2 (t(2)) - S- d(2) (6) - 

respectively since R and 5 1 are uniquely defined in all these sequences. 

Let tp : Ai © A2 — > d(Ai) © c?(A 2 )* be a map given by ^(i; © a) = d(v) © a |d(A 2 )> 
f G Ai, a G A 2 . In other words, it is the map Hom^(A 2 , Ai) — > Hom^(d(Ai), d(A 2 )) 
defined by <fi 1— > d o |d(A 2 )- 

If G Hom//(A 2 , Ai) then 0(d(A 2 )) C d(Ai) since commutes with the torus ac- 
tion. In particular, i[) is the restriction map on Horn #(A 2 , Ai). Moreover, ^(Z^m) C 
D d ( 2 ). Indeed, it is clear for the summand R © AJj. Let v © a G A x © 5*. The space 
5* is identified with a subspace of A?; by the rule a 1— > a o p, where p is the epi- 
morphism of the G 2 -modules A 2 — > 5 — > 0. In particular, p(d(A 2 )) = <i( t S') and 

(a op) | d (A 2 )= a |d(s) °P |d(A 2 )- 

Consider the filtration C R © 5* C D of i^-module £) with quotients R® S* 
and (i? © A*) © (y © 5*). These quotients can be identified with Horn k{S, R) and 
Homx(A, R) © Homes', y) respectively and the map -0 induces the maps 

Rom K (S,R) -> Horn Horn K ( A, i?) -> Hom x (d(A), 

Hom x (5,v) -> Hom x (d(S),d(y)). 
All these arguments show that we have the following commutative diagram 



-> £> 
-> 



Horn K (A 2 , Ax) 
I 

Hom jftr (d(A 2 ),d(A 1 )) 



y©A* -> 
i 

d(y)©d(A)* -> 0. 
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If we identify the last right members of the horizontal sequences with the cor- 
responding quotients of the nitrations of K[R(Q,t(l))](f) and K[R(Q,t(2))](f) re- 
spectively then the last right vertical arrow is induced by the epimorphism pt(i),t(2)- 
Indeed, the map d = d d (i),d(2) takes a basis vector of A x = Ax(t(l)) or A 2 = A 2 (t(l)) 
to zero if its record contains at least one vector ef or (e^)*, where j > d(2) i -\-\ and 

ei \ . . . , ej^jv is a fixed basis of Ei, 1 < % < n. It remains to apply the rule of the 
identification of the algebra K[R(Q,t)] with the corresponding symmetric algebra. 
Finally, we have the following commutative diagram 

- -> HomH(t(i))(A 2 (t(l)),A 1 (t(l))) -> Z m -> 

I I | (4) 

:t(2» 

d(2),d(2) 



- ffll) - Hom H(t(2)) (A 2 (t(2)),A 1 (t(2))) -> Z t(2) - 0. 



Repeating word by word the proof of Proposition 1 from [Zubl] (and using 
Lemma 1.1 from [Zub4] as well) we see that all vertical arrows in the last diagram 
are epimorphisms. This concludes the proof. 

We have an inverse spectrum of algebras: 

{J(Q,t),0 t(1) , t(2) |d(l)>d(2)}. 

Moreover, because of epimorphisms 0t(i),t(2) are homogeneous we have the count- 
able set of spectrums: 

{ J(Q, t)(r), t(1)it(2) | d(l) > d(2)}, r = 0, 1, 2, . . .}. 

The inverse limit of r-th spectrum denote by J(Q)(r). It is clear that J(Q) = 
® r >oJ(Q)(r) can be endowed with an algebra structure in obvious way. The algebra 
J(Q) is called a free invariant algebra of mixed representations of the quiver Q. 

Remark 2.1 From the geometrical point of view we have a commutative diagram 

R(Q,t(2)) - R(Q,t(2))/H(t(2)) 

I I 
i?(Q,t(l)) - i?(g,t(l))///(t(l)) 

which is dual to 

J(Q,t(2)) ^ K[R(Q,t(2))\ 

T T 
J(Q,t(l)) ^ K[R(Q,t(l))}. 

In the first diagram horizontal sequences are categorical quotients with respect to 
the corresponding reductive group actions and vertical arrows are isomorphisms onto 
closed subvarieties. The algebra J(Q) can be regarded as a coordinate algebra of an 
infinitely dimensional variety which is the direct limit of varieties Spec(J(Q,t)) = 
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R(Q,t)/H(t) or as an invariant algebra K[R(Q)] H( - Q ' , where K[R(Q)] is the homo- 
geneous inverse limit of the algebras K[R{Q,i)} defined by the same way as above 
and H{Q) is the direct limit of the groups H(t). 

It is clear that any J(Q,t) is an epimorphic image of J{Q). Denote the kernel 
of this epimorphism by T(Q,t). 

Remark 2.2 It is not necessary to consider the algebra J = J(Q) as the inverse 
limit over all compatible dimensional vectors t. One can replace the set of all dimen- 
sional vectors by any cofinal subset. For example, we can take {N = (Ti, . . . ,T n ) \ 
N > 2}, where T i = N iffU = di otherwise T, t = N* . 

From now on we suppose that t(l) = N and t(2) = t, where the number N is 
sufficiently large, say N > r. Denote by d the underlying vector of t. 

Finally, denote the image de(4>) of any G Hom^( t )(A 2 (t), Ai(t)) in the homo- 
geneous component K[R{Q, t)](f) by c(0). 

Lemma 2.2 If Hom H ( t - ) (A 2 ( , d), A 1 (Q)) ^ then r 2 = r 3 =| /j A2 \—\ ^ As |. More- 
over, the following conditions are satisfied : 

1. Vi G V or d, J2aeA,t(a)=i r a = J2aeA,i(a)=i r a = Pa- 

2. Vg G fi, J2a£A,t(a)=i q r a + J2a€A,i(a)=j q r a = J2a£A,i(a)=i q r a + J2a<=A,t(a)=j q r a = Pq- 

Proof. It is clear that the group H(N) contains the diagonal subgroup which 
is isomorphic to GL(N). The requirement Hom#( t )(A2(@), Ai(@)) ^ implies 
Hom#-(N)(A2(N), Ai(N)) ^ for sufficiently large N. Therefore, we obtain that 
Hom G £( A r)(A 2 (N), A^N)) ^ and the degrees of the polynomial GL(iV)-modules 
(see [Green] for definitions) A^©) and A 2 (0) should be the same. In other words, 

r2 = r 3 =| Ha 2 1 = 1 7a 3 I- 

The space HomH(t)(A2(©), Ai(6) can be represented as 

®i€V ord Hom GL(d .) {® aeA ,t(a)=i AXa ( E i), ®a&A,i{a)=A Xa (Ei)) 
®(/enHom GL(d q ){{®aeA,t{a)= 

(® ae A,i(a)=iA Xa (E iq )) ® (®aeA,t(a)=jA Xa (E jq ))), 

where Xa is equal to A a , /i a or 7„ if a G A ± , a G A 2 or a G A 3 respectively. All tensor 
multipliers are not equal to zero. It remains to compare the degrees of all modules 
in the corresponding groups of homomorphisms. 
Denote | X Al | by t. Then r = t + 2s. 

As in [Zub4] we extend the set of matrix variables {Y(a) \ a G A} in the following 
way. Replace each Y(a) by some new set of matrices having the same size as Y(a). 
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The cardinality of this set is equal to r a . Simultaneously, we replace each arrow a 
by r a new arrows with the same origin and end as a and set them in one-to-one 
correspondence with these new matrices. So we get a new quiver Q. The vertex set 
of Q coincides with V but the arrow set A can be different from A. 

Take any linear order on A. Denote this order by usual symbol <. We enumerate 
arrows of the quiver Q by numbers 1, . . . , r. One can assume that for any a E A the 
corresponding set of new arrows is enumerated by the numbers from the segment 
[a, a] = [J2b<a r b + l,S&<a r b]- We obtain some specialization f : [1, r] = A — > A 
defined by f(j) — a iff j E [a, a], a E A. 

In the same way one can define the specialization Y(j) i— > V(a) iff j e [d, a], a e 
A. Denote the last specialization by the same symbol /. 

Without loss of generality it can be assumed that Va E Ai, b E A 2 , c G A 3 , a < 
6 < c. Thus ii = [l,t],i 2 = [t + l,t + s],A 3 = [t + s + l,r\. Moreover, f([l,t}) = A u 
f([t + 1, s + t]) = A 2 and f([s + t + l,r]) = A 3 . It is clear that = i or t(j) = i 
iff i(f(j)) = i or t(f(j)) = i respectively, j E A = [1, . . . ,r],i E V . Set 

T(i) = {j E A | t(j) = ^}, 7(i) = {j E A | =i},i6 Krd- 
Analogously, write 

T(q) = {j E A | t(j) = i, or = j q }, I(q) = {j E A \ = i q or t(j) = j q }, 9^0. 

It is obvious that p; =| T(i) \—\ | for each % E V ord and p q —\ T(q) \—\ I(q) \ 
for all q E Vt. 

We have the inclusion <3>e = $e 2 ,ei of the space Hom#( t )(A 2 (0), Ai(0)) into 
Rom H{t) ((® aeAl E?$) ® (® a eA 3 E®3) ® (® aeA3 £^), 

Denote the last space by Horn (t). 

The multilinear component of degree r of the algebra J{Q,t) is isomorphic to 

Kom H{t) ((® aeAi E t{a) ) (® aeA . E t(a) ) <g> (® ae i 3 ^ ( a)), 

(^ae^ (#*(«)) ® (®aei 2 ^(a)) ® (®a £ A 2 ) ) ■ 

It is clear that this space coincides with Horn (t). 

We identify the space Hom i j-( N )(A 2 (N), Ai(N)) with its image in Hom(N). 

Lemma 2.3 If both modules A 2 (t),Ai(t) are not equal to zero then the kernel of 
the map 

Hom H{N) (A 2 (N),A 1 (N)) -> Horn H ( t ) ( A 2 (t) , A x (t) ) 
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is the intersection of //om #(n)(A 2 (N), Ai(N)) with the kernel of the epimorphism 
Hom(N) -> Hom(t). 

Proof. It is sufficient to look at the following commutative diagram 

-> Hom H(N) (A 2 (N),Ai(N)) -> Horn (N) 

I I 
-> Hom H (t)(A 2 (t),Ai(t)) -> Hom(t). 

Here, the horizontal arrows are the inclusions defined above and the vertical arrows 
are the surjective restriction maps. 

Notice that the space Horn (t) can be represented as 

® ieVord End Gm) (Ef p >) ® ® qen End GL{dq) (E® p «). 

Here £ g ^ £ iq ^ By Theorem 1.2 Horn (N) is isomorphic to O ie y ord A'[S'pJ <g> 
® gG nA'[S , p (? ] since we assumed that N > r. The kernel of the epimorphism Horn (N) —> 
Horn (t) is isomorphic to 

h+i= ■ ■ ■ ® J *+i ® . . . + 

i£V or d,Pi>di S " ' 

the place of A"[s Pi ] 
+ E /d.+i 



the place of 



Pql 



Using Lemma 2.3 we get 



Proposition 2.2 If N' > N > r then the epimorphism Hom(N') — > Hom(N) is 
an isomorphism. The same is valid for all epimorphisms 

Hom Hm (A 2 (N'), Ax(N')) -> fTom H (N)(A 2 (N),A 1 (N)). 

In particular, the f -homogeneous component of the algebra J(Q, N) does not depend 
on the number N and can be identified with the f -homogeneous component of the 
free invariant algebra J(Q). 

Using the commutative diagram (4) from Theorem 2.1 and repeating again the 
proof of Proposition 1 from [Zubl] we get 

Proposition 2.3 The f -homogeneous component of the ideal T(Q,t) is generated 
as a vector space by the elements c((f>), where 0G Horn i?-(N)(A 2 (0, N), Ai(0, N)) ^0 
and runs over all superpartitions of multidegree f. In addition, one has to require 
that either at least one of the modules d(A 2 (0,N)) = A 2 (0,t) ; d(Ai(0, N)) = 
Ai(0,t) is equal to zero or <fi |A 2 (e,t)= 0. 

Corollary 2.1 The algebra J(Q,t) is generated by all c((f>) without any restrictions 
on<pe Horn H(t) (A 2 (t), Ai(t)) or by all p Nit (c(0')), <\>' E Horn H{N) ( A 2 (N), A^N)). 
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2.2 Multilinear invariants 

Denote the image of a e Horn (t) in J(Q, t) by tr*((f>) and its specialization under 
/by*r*(0,/). 

Given operator <x from Horn (N) C End GL ( N )(E' s>r ) = K[S r ], where £ is a N- 
dimensional space, it can be written as 

Zi& u ... dr < N (®i<k<t(ef ) )*) <g> (®t+s+i<k<r(ef \)*) ® (® t+s+ i< fc <r(ej? } )*)® 

(5) 

(®i<fc<i4-i (fc) ) ® (^+i<fc<t +s e5 ( CT fe) 1(fc) ) ® {®t+i<k<t + sef^ 1(k+s) ). 
Rearranging the tensor multipliers we see that tr* (a) is equal to 

X! ( IT y(k)jk,j a -i w )( II ^(^)i CT -i(fc)j CT -i( fc + S ))( II y(k)jk- a ,jk)- 

l<jl,-,jr<N l<k<t t+l<k<t+s t+s+l<k<r 

In order to contract this sum into a product of ordinary traces one can use the 
following rule (see [Zub5]). We consider the formal product of pairs: 

n (Ka-^k)) n (o-'W^-^k+s)) n 

l<k<t t+l<k<t+s t+s+l<k<r 

The next step is to partition this product into cyclic subproducts. By definition, 
these subproducts are Ili</<;( a /) &/) suc h that bj = a/+i, 1 < / < I — 1 and 6; = ai. 
If it is necessary, one can change the initial order of coordinates of any pair. This 
partition is possible because of the following fact: each symbol k appears two times 
in the original product. Finally, each subproduct Hi<f<i( a f,bf) corresponds to a 
trace tr(Z(Ji) . . . Z(j t )), where jf is the number of the pair (a/, bf) in the original 
product and Z{jf) coincides with Y{jf) iff the initial order of the coordinates of this 
pair was not changed, otherwise Zijf) = Y(jfY, 1 < / < I. 

It is more convenient for further computations to denote Y* by Y. 

Example 2.1 Let t = 3, s = 2, r = 7, a = (1726) (354) G S 7 . The formal product of 
pairs corresponding to a is (16) (27) (34) (52) (31) (46) (57). Decomposing it into cyclic 
subproducts we get (16) (64) (43) (31) • (27) (75) (52). Therefore, 

tr*(a) = ir(y(l)F(6) Y{^)Y(5))tr(Y(2)Y(7)Y(A)) 

or 

tr*(a) = tr(Z(l)Z(Q)Z(3)Z(5))tr(Z(2)Z(7)Z(4)) 
with respect to the notations from the introduction. 
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Notice that if s = then tr*(a) = tr(a), where tr(a) = tr(Y(a) . . .Y(b)) . ..tr(Y(c) 
. . .Y(d)) and (a ... b) ... (c ... d) is a cyclic decomposition of <7 _1 . 
We set 

T(i q ) = {j e A | t{j) = i q }, l(i q ) = {j e A \ = i q }, 
T(j q ) = { 3 eA | = j q }, l(j q ) = { 3 eA | t(j) = j q }. 

It is clear that Vg G Q,T(q) = T(i q )\JT(j q ), I(q) = I(i q )\JI(j q ). 

Lemma 2.4 Any a G S r lies in Hom(N) iff the following equations are satisfied: 

1. we v ord , a{{T{i) n io u(T(i) n A 3 - s )) = n ii) □(/(*) n i 2 + «)■ 

2. v g g a((T(g n A l ) u(T(i q ) n i 3 - «) u to - ,)) = (/(*,) n ii) u(/(g n i 2 + 
*)□/&)■ 

Proof. For given a G Horn (N) its record (5) can be rewritten in a more refined 

way 

®iev , d ((®i<fc<t,Kfc)=i(e}J*M 

l<jl,-Jr<JV 

®(®t+i<fc<t+ s ,i(fc)=ie} CT _ 1(fc+s) ))^ 

®(®t+ a +i<fc<r,i(fc)=j,(e5;)*) ® ((®i<fc<t,i(fc)=i, e J-i w ) ® (®^i<*<*M,i(fc)=i,e£_ 1(fc+>) ) 

®(®t+i<fc<t+ a> t(fc)=j,(e5'_ lw ))- 

It remains to notice that each factor e^ 2 in every summand of this sum must 
appear on the dual side of the same summand, that is like (e^J*. This completes 
the proof. 

For the sake of convenience denote the right hand side sets of these equations by 
X(i),X(q) and the left hand side sets, that is the arguments of the substitution a, 
by T(i),T(q) respectively Then they can be rewritten as a(T{u)) = I(u), where 
u G V or d U ^- In other words, for any arrow j the end of o" _1 (j) coincides with the 
origin of j (see [Zub5]). 

Lemma 2.5 Any tr(Z(a m ) . . . Z{a\)) occurs as a factor of some multilinear trace 
products from J{Q,i){l r ) iff Z(a m ) . . . Z(ai) is admissible. 
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Proof. Fix some subproduct UVW of any cyclic permutation of the product 
Z(a m ) . . . Z(a±) consisting of three factors. Without loss of generality one can as- 
sume that V = Y(j). Otherwise one can transpose the product Z(a m ) . . . Z(ai). 
The following list contains all admissible cases to occupy both places around V. 

1. If j G Ai — [1, . . . , t] then U can be occupied by Y(a(j)). It happens iff a(j) G 
Ax. Let t(j) = i. Then we have either j G T(i)f]A 1 or % = i q ,j G T(i q ) D^i- 
In both cases a(j) G that is the product Y(a(j))Y(j) is linked. The 
matrix U can be equal to Y(j') or Y(j'), where j' G A2 = [t + 1, . . . , t + s]. 
The case U = Y(j') takes place iff cx(j) = j' + s G A 3 . It means that either 
j' G H A 2 or i = i q ,f G I(i q ) fl ^2 and in both cases the product 

is also linked. 

Finally, let U = Y(j'). It means that a(j) = j'. In this case % — % q only and 
j' G /(j ? )n^-2, that is the product Y(j')Y(j) is linked again. As for W the 
possibilities are the following: Y^a" 1 ^)), Y(j') or Y(j'), where j' G A 3 . As 
above it can easily be checked that VW is linked. Briefly one can describe all 
these ways of occupying as (A 2 , A 2 , A ± ) A x (A 3 ,A 3 ,A 1 ). 

u v w 

Other cases are listed without any comments. The interested reader can check 
them very easily. 

2. If j G A 2 then either U = Yjf),f G = i q ,t(j) = j q or U = 
Y(j'), Y(j'),f G A 3 . In the last case either t(j) = i(f) or t(j) = j q , t(j') = i q . 
For W we have the following possibilities: W = Y(f),f G A 1 , or W — 
Y(j'),Y(j'),j' G A 3 . The first possibility is described in the previous item, 
the second one implies either t(j') = or i(j') = j q ,i(j) = i q . Briefly, 

(A 3 ,A 3 ,A 1 ) A 2 (A 3 ,A 3 ,A 1 ). 

v '^V-"^ v ' 

u v w 

3. If j G A 3 then either U = Y(f),f G A u t(J) = i(f) or U = Y(j'),Y(f), f G 
A 2 . The last case is considered in the second item up to some transposition. 
For W we have the following possibilities: W = Y(j'),j f G Ai, or If = 
Y(j'),Y(j'),j f G A 2 . The first possibility is described in the first item up 
to some transposition, the second possibility is described in the second item. 

Briefly, (A 2 ,A 2 ,A 1 ) A 3 {A 2 ,A 2 ,A 1 ). 
v '^^^ v ' 

u v w 

It is clear that in all cases listed above the products UV, VW are linked. The 
lemma is proved. 

In other words, the conditions 1, 2 in Lemma 2.4 are equivalent to the conditions 
of admissibility in Lemma 2.5 . 

A trace product u = tr(Z(a r ) . . . Z(a>k)) . . . tr(Z(a m ) . . . Z(ai)) from J(Q, N)(l r ) 
can be written in many ways. Fix some standard record of each product as follows. 
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Any matrix Z(a) is equal either to Z(j) = Y(j) or to Z(j) — Y(j). Let us ascribe to 
Z(a) this number j. The record of tr(Z(a) . . . Z{b)) is called right if the matrix with 
maximal number, say j, occupies the first place. Moreover, Z(a) = Y(j) otherwise 
one has to transpose the product Z(a) . . . Z(b). Let us call j by the number associated 
to tr(Z(a) . . . Z(b)). The record of u is called right iff all its factors are right and 
their associated numbers increase on passing by this product from left to right. 

Proposition 2.4 The right trace products form a basis of the vector space J(Q, N)(l r ). 
In particular, they span J{Q,t)(Y) for any t. 

Proof. The first assertion has been proved in [Zub5] . The second one is a trivial 
consequence of Corollary 2.1. 

For the sake of convenience we will omit the symbol tr in the record of any 
multilinear invariant from J(Q,N)(l r ) if it does not lead to confusion. We replace 
any matrix Y(j) or its transposed Y(j) by the number j or its transposed j, 1 < 
j < r. For example, the invariant tr(Y(l)Y(6) Y(3)Y(5))tr(Y(2)Y(7)Y(A)) given 
above can be rewritten as (1635) (274). 

We suppose by definition that i — i, i — 1, . . . , r and [I, f] = {I, . . . , f}. 

We reformulate the contracting rules mentioned above as follows. 

Proposition 2.5 Let a G Hom(N) andtr*(a) = (a . . . b) . . . (c . . . d), where a, . . . , fe, 
c,...,d G [1, r] r\. All we need is to define exactly what is a right hand side 
neighbor of any symbol j in a cyclic record of tr* (a) ? If j is an ordinary symbol, 
that is if j G [l,r], then we have 

1. If j G A\ then (. . .jk. . .), where 



k 



a-\j), a-\j)eA 1 , 
Q-' HjP + s . cr-^j) G A 2 , 
a-\j), a(j) G A 3 . 



2. If j G A 2 then (. . .jk . . .), where 



k= I 



a-\j + s), o-\j + s) G A u 
v 'Hj + s) + s, a-\j + s) G A 2 , 
a-^j + s), o-\j + s) G As. 



3. If j G A 3 then (. . .jk . . .), where 



k 



a(j), a(j) G A u 
a(j), a(j) G i 2 , 



~ s, <t(J) e A 3 . 
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If j = I then the corresponding rules are: 
1. If l G A 1 then (. . .jk . . .), where 



[ a(l) e A u 

k = I a(l), a (l) e A 2 , 
{ a(l) - s, a(l) G A 3 . 

2. If I G A 2 then (. . .jk . . .), where 

\ <r-\i), a-\l)eA 1 , 

k= I a~Hl) + s, a~\l) G A 2 , 

{ o-i(l), a-\l)eA 3 . 

3. If l G A 3 then (. . .jk . . .), where 

( a(l-s), a(l - s) G A 1} 
k = I a(l- s), a (I - s) G A 2 , 
[ a (I - s) - s, a (I - s) G A 3 . 

Proof. The check of these rules is obvious. For example, let j = I and o" _1 (7) G 
A 3 . Then the corresponding pair is (o" _1 (/+s), o" _1 (/)). If its right hand side neighbor 
(up to the order) is (k, a^ik)), k G Ai, then either o~~ l {l) = k G A 3 or / = k G A 2 . 
Both cases drive to a contradiction so this neighbor should be (k,k — s),k G A 3 . 
The other cases can be considered in the same way. 

2.3 Z-forms 

In the definition of the representation space of a quiver Q of dimension d one can 
replace all spaces by free Z- modules of the same ranks di, . . . ,d n . We denote these 
modules by the same symbols E\, . . . ,E n . Then the free Z-module Rz{Q,d) = 
YiaeA H° m z{Ei( a ), E t i a \) can be regarded as a Z-form of R(Q, d), that is R(Q, d) = 
K®zRz{Q-, d) and the dimension of the space R(Q, d) coincides with the rank of the 
free Z-module Rz(Q, d). The same is true for Rz(Q, t) = ILeA Hom z (Wj( a ), W t ^), 
where as above Wi = Ei iff t-i = d { , otherwise Wi = E*. 

It is clear that the ring Z[R(Q, t)] = Z[yij(a) \ 1 < j ' < d^ a ), 1 < i < d t ( a ), a G A] 
is a Z-form of K[R(Q,t)]. Moreover, Z[R(Q,t)] can be identified with 

( ®S(E; {a) ® E i{a) )) ® ( I] ®S(E t{a) ® E i{a) )) ® ( I] ®S(E* t{a) ® E* {a) )) 

aeAi a£A2 a£A 3 

by the same rule as in Section 2. By Remark 1.1 any homogeneous component 
Z[R(Q,t)](f) has an ABW-filtration 



25 



. . . C M e ,z(t) = M e ,z C . . . (6) 

such that (1) can be obtained from (6) by base change. Analogously, for any super- 
partition of degree f we have a homomorphism 

d @ ,z ■■ Hom z (A 2 (e,Z),A 1 (e,Z)) - Z[i2(Q, t)](f) (7) 

such that d@ = K ® z de,z- Here Ai(0, Z), A 2 (0, Z) or, more precisely, Ai(0, t, Z), 
A 2 (0,t,Z) are obvious Z-forms of Ai(0,t),A 2 (0,t). If G Horn Z (A 2 (6, Z), Ai(6, Z)) 
we denote the element o?e,z(0) by c z (0). Now it is easy to guess what tr* z means. 

We have c(K ® z -) = K ® z c z (-), that is c(K ® z 0) = K ® z c z (0),0 G 
Horn Z (A 2 (6, Z), Ai(6, Z)). Analogously, tr*(A ® z —) = K ® z tr* z {-). 

Finally, as above one can define an inclusion $ ,z : Hom z (A 2 (0, Z), Ax(0, Z)) — > 
B z (t), where 

B Z (t) = Kom Z ((® aeAl E^) ® (® ae A 3 ^| a r ) ) ® (®a6A3^)), 
(^^(^1) ) ® (®aeA 2 E?3 ) ® (® a6A2 ^) )) 

such that the restriction of A ® z $e,z on Hom^( t )(A 2 (0), Ai(0)) coincides with 

3 Proof of Theorem 1 

The proof of Theorem 1 is organized as follows. Using the above identification of 
the space Horn (N) with a group algebra of a product of several symmetric groups 
one can find some filtration of this algebra such that the ideal J t +i corresponds to a 
segment of this filtration. We consider the above group algebra as a weight subspace 
of some tensor product of symmetric algebras with respect to a torus action. The 
last tensor product has an ABW-filtration. The intersection of its terms with our 
group algebra gives the required filtration of Hom(N). We notice (see Lemma 3.3 
below) that the members of the last filtration are invariant subspaces of terms of 
the initial ABW-filtration with respect to an action of a reductive group which is a 
product of general linear groups. By Theorem 1.1(1) a basis of Horn (N) or 7 t+1 can 
be produced as a union of bases of invariant subspaces of some sequential quotients 
of this ABW-filtration. Following this way we get the generators of J(Q) as a vector 
space such that some subset of them generate the ideal T(Q,t). It remains to 
simplify these generators. We reduce this problem to the computation of invariants 
of ordinary representations of quivers and refer to [Don2, Zub4]. 
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3.1 Suitable generators 

Fix some o~o G Horn (N). By Lemma 2.4 we have Horn (N) = o~o • {®iev ord K[Sr^\) <S> 
(<S> q enK[Sr q ])- Moreover, the ideal i t +i is equal to 

(7 -( J *+i «>••• + E ^+1 »•••)• 

iev ord ,pi>di qen,p q >d q ' 

the place ot k[s Ti ] the place of K[s Tq ] 

Denote by SV the group (LW ord x (II 9 en S Tq ) and by S(t) the space K ® z 
B z {t). 

Remark 3.1 Notice that the layers of the group Sq 1 form a a subdecomposition of 
the decomposition (\J ie v ord 3-(i)) \J(U q &n^(q)) an d the layers of the group Sq 2 form 
a subdecomposition of the decomposition (\Ji£V ord ^"(0) U(Ugen T(q)). 

Lemma 3.1 The image of the module Horn z ( A 2 (N, Z), Ax(N, Z)) in B{N) equals 
{0 G B(N) | Vri G 5 01 ,Vr 2 G S 02 ,Ti0t 2 = (-l) n (-1) T1 0}. The image of 
Horn h(n) ( A-2 (N) , Ai (N) ) m £/ie space Hom(N) is equal to Nq = {<p E cr ■ K[Sr] 
Vn G S 01 ,Vr 2 G 5e 2 ,ri0r 2 = (-1)^-1)^} or to <t • {0 G if[S r ] | Vn G 
5 6l ,Vr 2 G S^a^naofa = (-1) T1 (-1) T1 0}. 

Proof. The first statement is a consequence of Lemma 1.1. We sketch the proof of 
the second one and refer to [Zubl, Zub4] for details. It is clear that the image men- 
tioned above is contained in Nq. On the other hand, both Hom^(A 2 (N), Ai(N)) 
and -B(N) are if (N)-modules with GF and their formal characters do not depend 
on the characteristic of the ground field. In particular, the dimensions of the spaces 
Hom#(N)(A 2 (N), Ai(N)) and Horn (N) are equal to multiplicities of the trivial char- 
acter and also do not depend on the characteristic. It remains to notice that in the 
characteristic zero case our statement is obviously true. 

Up to the beginning of Proposition 3.2 we denote by E r a vector space of dimen- 
sion r with a fixed basis e± : . . . , e r . For any subset TC {1, . . . , r} denote by E T the 
subspace of E r generated by all vectors ej,j G T. Let us identify the group alge- 
bra if [5V] with a subspace of the homogeneous component S r (E r ® E r ) by the rule 
a < > IlCi e °{i) ® e*- Denote by GL(T) the group U ie v ord GL(E T (i)) x \\ q( , n (E T{q) ). 

We consider the space S r (E r <g> E r ) as a GL(r) x GL(r)-module. The group S r 
acts on the space E r by the rule cr(ej) = e^, a G S r , 1 < i < r. In other words, we 
identify the group S r with a subgroup of the group of permutation matrices by the 
rule a \— > J2i<i<r e ati),ii where e^i is a matrix unit which has zero entries outside of 
fc-th row or Z-th column but the remining entry is 1. Denote the matrix X/i<j<r &a(i),i 
by the same symbol a. 

The inclusion K[S r ] — > S r (E r <8> _E r ) is a morphism of S r x ^-modules. It can 
easily be checked that if [5,.] coincides with the weight subspace S r (E r <%> f? r )( ir ) x ( ir ) 
under the induced action of the standard torus T{r) x T(r). In the same way the 
space K[Sr] coincides with the subspace 
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mev ord S Pi (E Ti ® Ehi)) ® (® s6 nfi^(£r, ® £r 9 ))) (ir)x(r) 

Let GL(6i) (respectively, GL(© 2 )) be a subgroup of the group GL(r) consist- 
ing of all block diagonal matrices which satisfy the following requirement: if we 
decompose the interval [l,r] into sequential subintervals whose lengths equal to the 
sizes of their blocks considered from top to bottom then we get the layers of the 
superpartition 61 (respectively, the layers of the superpartition 2 ). 

Lemma 3.2 The space ctq ■ Nq can be identified with 

{9 e {®iev ord S Pi {E Ti ® E Ti )) ® {® qm S p «{E Tq ® E Tq )) | G GL^), 

G GL(e 2 ),g^o 1 ^o,y) = det ( x ) det(y)g}. 

Proof. One has to check it on elements from T{r) x T(r) and transvections from 
GL(Oi) and GL(G 2 ). 

Let us construct some filtration in K[Sr]- We divide each T(z), z G V or( i U f2, 
into some sublayers in a monotonic way. In other words, let T(z) = Ui<j<^/3 2 j, 
where max^ < min/3 Z j 2 as soon as ji < j 2 , and max(min)/^j means the maxi- 
mal (minimal) number from this sublayer. Joining over all indices z we obtain a 
decomposition of the segment [l,r]. 

Denote by the Young subgroup Iliev^dli^ji %,) x n, e n(Ili<j<j, s p qj )- As 
in [Zubl] we call this subgroup by base subgroup. 

Denote by the space ®iev ord , q en(®i<j<iA Pij (Er(i))) <S> (®i<j<i q W qj (Er( q ))) , 
where p Z j =\ j3 Z j |. The restriction of the pairing map <5g on the space A' 3 ® A 13 is 
denoted by the same symbol. 

Repeating all arguments concerning ABW-filtrations from Section 2 we define a 
filtration {M } of the space ((g) ieVord S^(E % ® E Ti )) ® (® qe nS p «(E Tq ® E Tq )). For 
any (3 we have an exact sequence of GL(T) x GL(T)-modules 

-> ker ^ -> A' 5 ® A' 5 -> M /M -> 0. (8) 
All these GL(T) xGL(T)-modules have GF. Denote by G the group ctq 1 GL(6i)o"o x 

gl(6 2 ). 

We have the filtration {M^ 1 ^} of the space K[Sr] and a^ 1 ■ J t +i is a union 
of members of this filtration whose indices (3 satisfy the following condition: there 
is some % G V or( i or q G f2 such that at least one subset or (3 q j has the cardinality 
Pij > di + 1 or p q j > d q + 1 respectively. Combining with Lemma 3.2 we get 

Lemma 3.3 The space a^ 1 (NQ f] it+i) ^ e filtration {(Mg ® -D) G }, where D = 
det -1 ® det -1 and /3 satisfies the conditions formulated above. 
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By Remark 3.1 both groups a () 1 GL(Q 1 )a and GL(Q 2 ) are Levi subgroups of 
the GL(T). By Theorem 1.1(4) all modules of the exact sequence (8) are G-modules 
with GF. Therefore, we obtain the following short exact sequence 

-> (ker^ <g> D f -> (A^ <g> <g> D) G -> (Mp/Mp <g> D) G -> 0. 

In particular, all we need is to find a (l r ) x (l r )-weight subspace of the space (A' 3 <g> 
<g> D) g which is equal to (A$ <g> (det) -1 )^ lGI -( e ito> ® (a^ <g> (det)" 1 ) 6 ^ 02 ) and 
then we should compute the image of this subspace under the pairing map 8 p. It can 
easily be checked that this subspace consists of all vectors x from (A' 3 Cg> A /3 )( ir ) x ( ir ) 
such that a^o 1 ™,**) = (-^n^!)^ f or a n Tl e S Qi ,t 2 G 5© 2 [Zubl, Zub4]. 
Denote this subspace by Vg. 

Let 7r G S'[ t+ i )t+s ] and (a ... 6) ... (c ... d) be its cyclic decomposition. Denote 
by it + s the element (a + s . . . b + s) . . . (c + s . . . d + c) G S\ t+s+ i tr ]. Analogously, 
any n = (a ... b) ... (c ... d) G S[ t + s +i t r] has a shifted double 7r — s = (a — s . . .b — 
s) ...(c- s...d- s) E S[ t+ljt +s]- 

For any Young subgroup S\ < S[ t+ i t t+ s ] denote by S\ +s the Young subgroup of 
S[t+ s +i,r] consisting of all elements n + s, ix G S\. In the same way, S\- s = {n — s \ 

71 G S\} if S\ < S[ t+s+ i t r]- 

It is clear that the groups Sq 2 and S@ 1 coincide with S\ A x S lA - s x S lA and 
S\ A x x S^ A +s respectively. Thus any element n G Se 2 can be written as the 
product 7ri7r 2 7r3, where 7Ti G 5\ Ai ,7r 2 G S , 7A3 _ s ,7r 3 G . Analogously, any element 
7r G Sq 1 can be written as the product 7ri7r 2 7r 3 , where 7Ti G S\ a , 7r 2 G S^ a , 7r 3 G 

>->IJ,A 2 +s- 

Denote the groups S'e and S[i tt ] x S^+i^+s] x S[ t+s +i ir ] by 5 and S'o respectively 
and define two homomorphisms pi,p 2 from S'o into the group S r . The first homo- 
morphism is given by n 1— > 7Ti7r 2 (7r 2 + s). The second one takes any 7r to 111(713 — s)n 3 . 

We consider the space ^ = {16 (A' 5 <g> A0)(i r )x(i r ) | Vr G S, VM^.Mt)) = 
x}. It is clear that this space contains the space Vp. 

Denote by p the canonical projection ®iav ori ,q&{.E r{i) )® Pi ) ® {E®^) -> A^. 

The vectors e CT = p(eo-) form a basis of the space (A^)( ir \ where 

e CT = ®iev ord , q en(®jeT(i)e a (j)) <8> OjeT(g) e <x(j)) 
and a" runs over Sr/Sp. 

Proposition 3.1 TTie space W 7 ^ nas a frasis consisting of all vectors 

H e <7o 1 / 9i(r)ffo<Ti ® e P2(r)<7 2 ) 

where the pairs (o"i,cr 2 ) range over some subset of Sr/Sp x Sr/Sp. 
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Proof. The space (A^) (r) <g> (A /5 ) (r) has a basis {e ai ® e CT2 | (7i,cr 2 G S r /Sp}. 
This basis is decomposed into orbits under the action of the group S by the rule 
(e CTl ® e CT2 ) T = £ a -i p ~ ® ^ p 2 ( T )o- 2 ' r ^ 'S'i °"i ) °"2 £ Sr/Sp- Therefore, it equals to 

(<Ti,<T 2 )eY 

where K is a representative set of all S'-orbits and Sp = ttSstt -1 , ir & S r . 

It is easy to see that Vr G 5, o" _1 p 1 (r)(T o" 1 S' / 3 = o" _1 p 1 (f )cr o- 1 Sp, P2( r )°2>S',0 = 
p2{T)(J2Sp. In particular, for any r G 5 we have 

^ -Vi(r)ffo<n ®e P2 ( r ) CT2 = 

('_n CT o" 1 ^l( r ) CT CT lK7Vl(^)ff0^l)- 1 /_1\P2(T)(T 2 (p2(r)cr 2 )- 1 - 

I 1 ) I ^ e a ( 7Vl(T)aoai ^ e P2(r) CT2 - 

This completes the proof. 

We call the vectors from this proposition suitable generators. By the same ar- 
guments one can obtain a basis of the space Vp. We omit these computations and 
refer the interested reader to [Zubl, Zub4]. 

Remark 3.2 One can suppose that E r is a free Z-module with the same basis 
ei,...,e r . In this case A' 3 ® A' 3 is a free Z-module and we obtain the same free 
generators of the free Z -modules Vp and Wp as above. In particular, any free gen- 
erator of Vp is a sum of suitable generators with integral coefficients [Zubl, Zub\]. 

Lemma 3.4 The space N e f]I t+ i is generated by the elements 

h n,c2 = Yl Y {-l) T p 1 (7i)a a 1 ra 2 1 p 2 (7i)- 1 . 

res? rts/fp-^s^i ) n p 2 - 1 (s; 2 ) n s) 

Proof. Applying the map 5p to the generators from Proposition 3.1 we obtain 
the elements 



9n,n=^2 Y (-1)V Vl(<)0WlT<7 2 V2(tt) 1 . 

It remains to multiply by er - 
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Proposition 3.2 Let G #om z (A 2 (t), Ai(t)). W^e ftaue tr|($e jZ (0), /) =| S @ \ 
cz{4>). 

Proof. Let e\, . . . , e l d . be a free basis of the module Ei, i G V. The dual basis of 
E* is (e\)*, . . . , (e^.)*. Let us decompose the interval [l,r] into subintervals by the 
following rule: 

[l,r] = (|J [«.«]) U(U [« U(U [«.«]). 

aeAi aeA 3 aeA 3 

where [d — s, a — s] is equal to [X)b<a r b — s + 1, X)&<a r & ~~ s ]- 

In the same way one can decompose the interval [l,r] into other subintervals: 

[l,r] = ([J [d,a])U(U [d,a])U(U [d + S ,a + S ]), 

aeAi aeA 2 aeA 2 

where [d + s, a + s] is equal to [J2b<a r b + s + 1, J2b<a r b + 

Let /, J : [1, r] — > [1, maxdj] be two maps such that the following conditions are 

satisfied: 

1. Vae A u I([a,a]) C [l,dt(o)] and J([d, a]) C [1, <&(<,)]; 

2. Va G A 2 , J([d, a]) C [1, d t ( a )} and J([d + s, a + s]) C [1, d i(o) ]; 

3. Va G A 3 , J([d - s, a - s]) C [1, d t ( a )] and J([d, a]) C [1, d i(o) ]. 

Suppose that the restrictions of the maps / and J on all layers of the Young 
subgroups S@ 2 and S@ 1 respectively are injective. Then a typical basis vector of 
Hom z (A 2 (t),Ai(t)) ispe 2 (e}) OPei(ej) , where 

e} = (®o6^i(®ie[a,a]( e J(i))*)) ® (®aGA 3 (®/e[a- S ,a- S ](4 ( (0)*)) ® (®a S A 3 (®J 6 [o )0 ] (4(f)) *) ) 

and 

ej = (®o6Ai(®i 6 [d ) o]ej ( 5 ) ) )) <8> (®aeA 2 (®/ G [a,a]ej ( (o)) ® (®oeA 2 (®i6[d+ s> o+«]ej5 ) ) )). 
The element tr* z (Q>Q jZ {<t>), f) equals 

x: (-i)-(-i)' 72 n y(/o'))/(ai(,-)),^o-)) x 

o-i,o- 2 eSA Ai i<?<* 

^ (_1)«(-1)« I] I/(/0'))j(ai(j)),J(^(»+.)) X 
o-i,<t 2 GS MA2 t<j<t+s 

E (-i) CT1 (-i)' 72 II yaOOWiO-*)),/^))- 
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Ordering the factors of these products with respect to their first subindices we 

get 

\Se\ E (-!) CT II y(f(j))iU),J(«U))X 
^s XAi l<j<t 

E IT y(fti))jv),jw+s)) x 

<JeSx A2 t<j<t+s 

E (~ i r II y(fU)hv-.)A'V)) = 

a-eSx A , t+s<j<r 



S e I c z ((()). 



This concludes the proof. 



Corollary 3.1 Each j^tr*(h ai;IJ2 , f) belongs to Z[R(Q, N)]. In particular, it can be 
reduced modulo any p. 

Proof. By Lemma 3.1 we see that there is G Horn z(A 2 (N, Z), A;l(N, Z)) such 
that $ e ,z0) = K un . By Proposition 3.2 we get j^tr* (h au(T2 ) = ±tr* z (<$>e, z (<t>), /) = 
c z ($GZ[i2(Q,N)]. 

Using Remark 3.2, Lemma 3.4 and Corollary 3.1 as well as Proposition 2.2 and 
Corollary 2.1 we get 

Proposition 3.3 The f -component ofT{Q,i) is generated as a vector space by all 
elements j^tr*(h ai ^ 2 , f) which are also called suitable, where Sp runs over all Young 
subgroups of St satisfying the condition on its layers formulated above. If we ignore 
this condition we get the generators of J(Q)(r) and mapping them into J(Q,t)(f) 
the generators of this last homogeneous component are obtained. 

3.2 Reductions to ordinary representations of quivers 



Let us denote by R the permutation Yl ie ^ 2 (i i + s i + s i) from ^ yji^] • For any tx G 
S[i, r ] |J[i,f] having a cyclic decomposition (a ... b) ... (c ... d) denote (a . . . b) . . . (c. . . d) 
by ft. We have a bijection i : n \— > 7f _1 on r ]|j[i ?]• ^ * s cl ear that this bijection 
induces an involution on the group ^[i,^ |J[i,r] ■ ^ n f &c t> let us denote by a the per- 
mutation IIjg[i,r](^)- Then ana^ 1 = ft and l(tt) = an' 



Lemma 3.5 Let a G S r and tr*(o~) = u = (a ... 6) ... (c ... d), where {a, . . . , b, . . . , c, 
. . . , d} is a subset of [1, r] |_J [1 , f] having cardinality r. Then Ro~ x oR = uuT 1 = 
ul(u) . 
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Proof. It can be easily checked that for any j G [1, r] | | [T , f] its right hand 

side neighbors in cyclic decompositions of both Ra _1 aR and u are the same. For 
example, let j — 1,1 G A 3 . Then we have the following equations: 



R(l) — I — s,a(l — s) — a(l - s) 

and finally 



a(l - s), a (I - s) G A 1 , 
R(a(l-s)) = { a(l- s), a(l - s) G A 2 , 
a(l — s) — s, a(l — s) G A 3 , 

that is the result is the same as in the contracting rules defining u (see Proposition 
2.5). Other cases can be checked similarly. Thus follows that any cycle of Ra~ x aR 
is a cycle of u or its transposed u~ l . This completes the proof. 

Lemma 3.6 Let a G S r and Ra^aR = ul{u). Suppose that the cyclic record of 
u, including trivial cycles, contains two symbols i,j belonging to the same set A\ 
or Ai,l = 1,2,3. Then (ij)ui((ij)u) = Ra'~ l a'R, where either a' = (i',j')a or 
a' = a(i f ,f) and i',j' belong to the same Af or Af, f — 1,2,3. More precisely, 



i,3 



hh hj e ii, 
i,3, hj e A 2 , 



{ i + s,j + s, i,j G A 2 , 
\ i - s,j - s, i,j_eA 3 , 

In particular, a and a' have different parities. 

Proof. Notice that a decomposition ul{u) of Ra~ x aR is not uniquely defined. 
For example, interchanging any cycle (a ... b) from a cyclic record of u with its 
transposed (b . . .a) from a record of i(u) we get some other decomposition u'l{u'). 
Therefore, a left factor u can be defined as a part of a cyclic decomposition of 
Ro~~ 1 aR depending of r symbols from [1, r] |J[1, ^] which does not contain any 1- 
invariant cycles. Let i,j G A 3 , say % — fh,j — n, m,n G A 3 . We have 



(ij)u i((ij)u) = (mn)Ra l aR(mn) = RR l (mn)Ra 1 x aR(mn)R l R. 

Further, R- l (fnn)R = (m rl jj rl ) = (mn). Thus (ij)u t((ij)u) = Ra'~ x a'R, 
where a' = o~(mn). All other cases can be checked in the same way. 

It remains to prove that (ij)u is correctly defined. Using the identity (ij)(iC)(jD) 
(iCjD), where C, D are some completing fragments of these cycles, we see that the 
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sets of symbols involved in the records of u and (ij)u correspondingly are the same. 
So it is enough to prove that (ij)u does not contain t-invariant cycles. 

Suppose that u = (iCjD) .... We have (ij)u = (iC)(jD) .... If (iC) = t((iC)) 
then in the cycle (iC) there are two sequential symbols like z, z. Then it is true for 
(iCjD) excepting the case C = C±i. In the last case we have (iCjD) = {iC\ijD). 
But both cases are forbidden because of i,j or i,j belongs to the same set A h l = 
1, 2, 3, (see Lemma 2.5). The case u = (iC)(jD) is symmetrical to the previous one. 
The lemma is proved. 

Lemma 3.7 ([Zub5]) Let n e S Q ,a e S r and tr*(a) = u. Then we have u nXn = 
tr*(p 1 {n)ap 2 (n)- 1 ). 

Proof. It is enough to prove this equation for n = (ij), where i,j lie in Ai,A 2 
or A 3 simultaneously. Let i,j G A 2 . Then pi(ir) = + s,j + s) and p 2 {^) = id. 
We have 

R(Jj)(i + sj + s)a- 1 a(ij)(i+s,j+s)R = ((Tj)(i + sj + s)) T Ra- 1 aR((ij)(i+s,j+s)Y 
where r = + s,i + s, i)(J,j + s, j + s,j). It remains to notice that 

((u)(FFi JT^)) T = (u)(u), ((u)(* + s ,j + S )Y = 

The other cases can be checked in the same way. The lemma is proved. 

We define some intermediate collection of matrices U(l), 1 < I < m, where m is 
equal to the number of all layers of the group G = Pi 1 (S < 0° ai ) ClP^iS^ 2 ) f] S. One 
can define the new specialization g which takes any matrix Y(j) to U (I) iff j belongs 
to the /-th layer of the group G. It is clear that there is some specialization h such 
that f = ho g. 

Lemma 3.8 Every ^tr*(h ait<72 , f) is obtained from -^tr* {J2 T&Sf} { — l) T a^aira^ 1 , g) 
by applying h. 

Proof. Using Lemma 3.7 we see that 

tr^p^aoa^a^p^ny 1 , f) = ^{oqOxTO^ 1 , f) 

because of / o n — f. The final computations are trivial. 

Lemma 3.8 shows that without loss of generality one can assume that S = 
G < Pi 1 (S0 QCTl ) H p^ 1 (5'| 2 ) up to some gluing of matrix variables (see [Zubl, Zub4]). 
Replacing <r by a ai one can suppose that a\ — 1. Similarly, replacing the group 
Sp by the group S^ 2 < Sr and the element a by the element cr^cr^ 1 one can suppose 
that a 2 = 1 too. 
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Lemma 3.9 The invariant -^tr* {J2 TeS ^{—\) T ar, g) is some partial linearization 
(briefly PL) of the invariant ^-1^^ pj p- 1 ^-)^ * (S T gg^ (~ l) Tq " r i f) > where the spe- 
cialization f corresponds to the group Pi 1 {S^) f) p^ 1 (S p) . 

Proof. By definition, Sf = pf 1 (S'|) f| p^ 1 (Sp) < S . Consider two layers a, (3 of 
the group G which are contained in some layer of the group Sf f] S[t+i,t+s] ■ For the 
sake of simplicity assume that these layers have numbers m — 1, m correspondingly. 
We define the new specialization g' such g'(j) = m — 1 iff j G a{Jj3 otherwise 
9'{j) = g(j)- Let x G S r and tr*(x,g') = (g'(a) . ..g'{b)) . . . (g'(c) . ..g'(d)), where 
{a, . . . ,b,c, . . . ,d} is a subset of [1, r] (J[l, f] having cardinality r. By definition, 

g'Q) /7UT../C 

Extracting the homogeneous summands of degrees | a | and | /3 | in U(m — 1) 
and U(m) respectively from tr*(x,g') \u(m-i)^u(m-i)+u(m) we get the sum 

E ^Wa))..^(vr(6)))...(^(7r(c))...^(rf))). 

7r €5 QU( 3/S C( xS , ) 3 

Using Lemma 3.7 we see that 

(g(n(a)) . . . g(n(b))) . . . (g(n(c)) . . . g(n(d))) = tr*( Pl ^)x, g). 
Thus our PL of the element rJ—itr*(J2res-(~ l) r °" r ) 9') is equal to 

7^7 E E (-1)^*0^)^). 

I °9' I reS ? neS aU0 /S a xS 

Further, pi(7r) G S 1 ?, i.e. pi(7r) = crya^ 1 ,y G 5a. In particular, we get 



Y,(-mr*( Pl (n)aT,g)= £ (-iytr*(ayr, g) = £ (-l) T tr'(<7T, </), 

since P i(tt) is an even element. Therefore, our PL is equal to the initial invariant 
j^t r *(J2 T es-(~ l) 1 " " 7- ! fl 1 )- Repeating these arguments as many times as we need we 
pass from tne group G to the group Sf. This completes the proof. 

Summarizing we see that up to some rearrangings, gluings of matrix variables 
and PL-s the generators of J(Q) (J(Q,t)) as well as the generators of T(Q,t) are 

c(0) = nh*r*(£(-l)Vr,/), 

where Sf = p\ 1 {S^) Hp^i^p) an d = YsreSp(~ ^) t o~t. As for the generators of 
T(Q,t) one has to impose the condition on cardinality of layers of Sp mentioned 
above. Notice that if s = then these elements are the same as the suitable 
generators from [Zubl, Zub4]. 
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We recall some definitions from [Don2]. Let S g < S r be a Young subgroup 
corresponding to a map g : [l,r] — > [l,m]. Any sequence p — ji ■ ■ -j s of symbols 
from [l,m] is said to be a primitive cycle iff there is no proper subsequence g of 
p such that p graphically coincides with q k = q . . . q, kd = s, s > k > 1. For any 

k 

t = (a ... b) ... (c ... d) G S r we have 

i7(r) = ( ff (a)...^(6))...( ff ( C )... ff (d))= R (p^) . . . II (rf"), 

where each is a primitive cycle uniquely defined up to cyclic permutations of its 
symbols, % — 1, . . . , v. Two substitutions /i, 7T G S r are called S g - equivalent iff there 
is a sequence /i — T\, . . . , = 7r such that for any pair Tj, r i+ i, 1 < i < k — 1, either 
there is x <E S g such that r i+1 = rf or for two cycles of Tj (r i+1 ), say (a ... 6), (c ... d), 
we have ((7(a) . . . g(b)) = (p*), (g(c) . . . g(d)) = (p d ), where p is a primitive cycle and 
Tj+i = (ac)Ti (respectively - Tj = (ac)r i+ i). It can easily be checked that this relation 
between elements of S r is really an equivalence. Donkin calls such equivalence class 
by Young superclass. 

It is clear that all permutations from the same Young superclass D have the 
same sets of primitive cycles. We denote each of these sets by Pp. 

For any Young superclass D a formal invariant j^-r Z) xe z)(— l) x tr(x, g) can be 
regarded as an invariant of m N x iV matrices of degree r or as an element of the 
corresponding free invariant algebra due our assumption N > r. 

Lemma 3.10 ([Don2]) The element J2 x eo(~ l) x tr(x, g) can be written as a sum 
with integer coefficients of products of the elements o~j(p), where p G Pd- 

According to our conventions the element J2xgd(~ ^) x tr(x, g) can be repre- 
sented as a sum j^J2xeD- 1 (~^) x 9( x )^ where D^ 1 = {x^ 1 \ x G D}. Notice that 
D^ 1 is also an Young superclass. 

Now, everything is prepared to prove Theorem 1. Without loss of generality one 
can work in J(Q) or in J(Q) if it is necessary. Let us consider any suitable generator 

* = c(0) = -^r*(£(-l)Vr,/). 

Fix a summand tr*{ar) = u. One can interpret the element u as an ordinary 
invariant depending on r matrix variables Z(ji), . . . , Z(j r ),ji, . . . , j r G [1, r] U[I, r] 
or as a permutation from <S{ji, ...,>}■ It is clear that {ji,---,j r } = Ti\JT 2 , where 
71,72 are two subsets of [l,r] such that T1UT2 = [l,r]. Denote by Sf the group 
SJ, where n = Y[ieT 2 {^)- It can De easily checked that Sf = Sf, where /' = 
(/ x f°a) \h,-,jr- 

I claim that Young superclass corresponding to Sf, say D, which contains u, is a 
subset of tr*(aSp). Indeed, for any v' G Sf we have v' = v w , v G Sf and u'°' = u vxv = 
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tr* (pi(v)(TTp2(v)~ 1 ) by Lemma 3.7. It remains to notice that a^ 1 pi(Sf)a < Sp and 
P2(Sf) < Sp. Next, any element (ab), where a, b G f'~ l {j) and j is a symbol of some 
primitive cycle belonging to u, has form (ij) or (ij), (ij) G 5/. Using Lemma 3.6 we 
see that (a6)u is equal to tr*{{i' j')ar) or tr*(ar(i'j')) and (i'f)* 1 G or («'/) G 
respectively. For example, if (afo) = G A 2 then (afo)w = ir*((i + s, j + s)ctt). 

But any layer of 5/ f| S^+i^+s] has form <r(/? fci ) f| A 2 C\(cr(P hg ) f)A 3 - s). Thus (i + 
s i3 + S ) <T G H •S'lt+s+i.r]- m particular, all cycles from Po are admissible. 
Finally, the generator z can be represented as a sum of elements 

±i4r EC-WOO = ± T J- r E 

where D runs over all superclasses contained in tr*(aSp). In fact, all we need is to 
prove the coincidence of signs. But for any element u' = tr*(ar') from the Young 
superclass of given u = tr*(ar) we have (— 1) T ' = (— l) T pjp by Lemma 3.6. This 
concludes the proof. 

4 Proof of Theorem 2 

As we noticed in the introduction one can define more general supermixed represen- 
tations of quivers. A similar definition was introduced in [DW3]. Briefly speaking, 
they associate with any generalized quiver of 0(n) (Sp(n)) orthogonal (symplectic) 
representations of so-called symmetric quiver. For example, typical components of 
orthogonal representations of a symmetric quiver are 

Hom*:(Vi, V 2 ), Hom^K, V*), Hom^*, V 2 ), A 2 (V) C Rom K (V*, V), 

A 2 (V*) C Rom K (V,V*), 
Rom K (V, W), Hom K (r, W), Horn ^(W^i, W 2 ),A 2 (W) C Hom^(IU, W). 

The spaces V, V^, W, Wj are regarded as standard GL(V), GL(Vi), 0(W), 0(Wj)- 
modules respectively, % — \,2,j — 1,2. These spaces are isotypical components of 
the space K n with respect to the action of an abelian reductive subgroup D of 0(n). 
The centralizer R = Z ( n ){D) is a product of the same GL(V), GL(Vi), 0(W), 0{Wj). 

In the symplectic case one has to replace the components A 2 (V), A 2 (V*), A 2 (W) 
by S 2 (V), S 2 (V*), S 2 (W) up to some identifications like A < — >■ AJ mentioned in 
the introduction. Moreover, in the last case the groups 0(W),0(Wi),0(W 2 ) must 
be replaced by Sp(W), Sp(Wi), Sp(W 2 ) correspondingly. 

It is clear that our definition is more general than Derksen-Weyman's one. For 
example, their definition does not include any action of some orthogonal (symplectic) 
group on symmetric (skew-symmetric) matrix component. 
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Proposition 4.1 Let H be an orthogonal or symplectic subgroup of the group GL{n). 
The affine variety GL{n)/H is isomorphic to the affine variety L consisting of all 
non- degenerate symmetric matrices or skew- symmetric matrices with zero diagonal 
entries according to which case is considered: H = 0{n) or H = Sp(n). This 
isomorphism is induced by the map g \— > gg* or g i— > gJ n g f respectively. 

Proof. We refer to [Zub5] for this statement. 

Notice that the left action of GL(n) on GL(n)/H induces the action of GL(n) 
on L by the rule x 9 = gxg 1 , x G L,g G GL(n). 

Now everything is prepared to prove Theorem 2. We describe the construction 
of Q' step by step with respect to all the replacements which were used to get S and 
G. 

For example, let us consider the case when G q = Sp(d q ) acts on some component 
S a Q: Hom K (Vi, Vj), a E A, i(a) = i, t(a) = j, V* = Vj = K dq and S a can be identified 
with the subspace of symmetric matrices by the rule A \— > A J, A G S a . With respect 
to this identification the group G q = Sp(d q ) acts on S a by A 9 = gAg*,g G G q . 

Repeating word by word the proof of Lemma 1.3 [Zub5] we have an epimorphism 
R G -> K[S} G , where R = K[S' x M(d q )], S' is a product of all components of S 
except S a , and G q acts on M(d q ) by the same rule A 9 = gAg 1 . 

In fact, S is a closed G-subvariety of S' x M(d q ). Moreover, it is a complete 
intersection defined by the relations ^ j Ob j ^ = 0, 1 < % < j < d q , where X = (x^) 
is the general matrix corresponding to the factor M(d q ). 

The ideal / of S is generated by G-invariant subspace E = ©i<i<j<d q ^ • z ij: 
where Zij = Xij — Xji,l < i,j < d q . The algebra S(E) is a G g -module with GF 
with respect to the induced action Z i— > g^ 1 Z{g t )^ l ) Z ). It follows 

immediately from [Kurl, Kur2]. Using Proposition 1.3b from [Don7] we obtain that 
I is a G-module with GF. In particular, we have the exact sequence 

-> I G -> R G -> ^[,S] G -> 0. 

Using Proposition 4.1 we replace the group G y = Sp(d q ) by GL(d q ). In other 
words, we have to add to the variety S" x M(d q ) the new factor GL(d q )/ Sp(d g ). It 
can be identified with a closed subvariety of M(d q ) 2 consisting of all pairs of matrices 
(x, y) such that xy = Id q and both x and y are skew-symmetric. This subvariety is a 
complete intersection again so one can use the same Proposition 1.3b from [Don 7]. 
This step was explained in [Zub5] and we omit all details but briefly describe what 
we get in this case. 

The algebra R is an epimorphic image of the algebra R' G , where R 1 — K[S' x 
M(d q ) x M(d q ) 2 ], G' — x f,f^ q Gf x GL(d q ) and GL(d q ) acts on the additional factor 
M(d q ) 2 by the rule {x,y) 9 = (gxg\ (g^yg' 1 ), x,y G M(d q ),g G GL(d q ). 

It means that we add to our quiver Q one vertex, say with the number n + 1, and 
two arrows b, c such that i(b) = t(c) = i,t(b) = i(c) — n+1. Moreover, the vertex 
n + 1 is occupied by the space E n+ i = K dq = V as well as the vertex % is occupied 
by V*. Our epimorphism is just the specialization X(b) h- > J, X(c) i— > — J = J -1 . 
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As above we have the following exact sequence 



I'G' R>G> ^ R G^ . 

The ideal I' is generated by the G'-invariant subspace 

E' = (®i<i<i<d g ^ • Zij) © {®i<i<d q K ■ Zi) © (®i<i,j<d q K ■ t i:j ), 

where z^ = x i:j {b) + Xji(b),Zi = x«(6), l<i^j< d q ,Uj = Y,i<k<d q x ik {b)x kj {c) - 
Sij, 1 < « , J < dq. All other cases can be considered in the same way as above. This 
completes the proof. 

Remark 4.1 There is some integer M > depending only on d such that whenever 
charK > M the kernel of the epimorphism from Theorem 2 can be described exactly. 
For example, let us consider the same case G q = Sp(d q ),a e A,i(a) = i,t(a) = 
j, Ei = Ej = K dq and S a C Hom K (Vi, Vj) is the subspace of symmetric matrices up 
to the identification A i— > AJ,A e S a . Using the same notations as above we have 
the Koszul resolution 

-> (A r (E) ® R) -> . . . -> (A 2 (E) ® i?) I— > ® i?) — > / — > 0. 

i/ere r = dim£ = . Suppose charK > r. Then all A\E) are direct 

summands of E® 1 . In particular, they are G q -modules with GF and all members of 
this resolution are G-modules with GF. Thus we get the exact sequence 

-> (A r (E) ® R) G -> . . . -> (A 2 (E) ® i?) G ^ (E ® i?) G -> I G _, o. 

T/ie space E ® R can be considered as a homogeneous component of an invariant 
ring of a supermixed representation space of some new quiver Q" having the same 
set of vertices as Q with the additional arrow a" such that i(a") = i,t(a") = j. 
Moreover, in comparison with the previous representation space the new one has 
the additional component S a " which is a subspace of M(d q ) consisting of all skew- 
symmetric matrices with respect to the same action ofG. 

If we introduce a new general matrix X (a") corresponding to a" then (E®R) G is 
the homogeneous component of degree one in X(a") of the invariant algebra of this 
new representation space. To compute the ideal I G one has to map this component 
to R by the rule X{a") \— > Z . The same arguments work in the next step when we 
replace G q = Sp(d q ) by GL{d q ). Notice that in the general case we have the exact 
sequence 

-> (Af ^(E® Rf -> I G i-> H\G, A) -> 0, 

where A is the image of A 2 (£) <g> R in E <g> R. Indeed, H l (G, A) = for all I > 2 
by Lemma 1.2e (ii) from [Don!]. It remains to use the long exact sequence of coho- 
mology groups. It was erroneously supposed in [Zub6] that A has GF and therefore 
(E<S)R) G — > I G is an epimorphism in all characteristics. This question is still open. 
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